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Ti OM TAT - D6 thi la cong cy todn hoc hitu ich ing dung trong nhiéu linh viee nhwr giao théng, truyén théng, cong nghé thong
tin, kinh té,... Cho dén nay, trong do thi méi chi xét dén trong sé ciia cdc canh, cac dinh mgt cach dgc lap, trong do do dai dwong di la
16ng trong s6 cdc canh va cdc dinh trén duong di do. Tuy nhién, trong thyc 1, frong $6 tai mot dinh khong giong nhau voi moi duong di
qua dinh d6, ma con phu thudc vao canh di dén va canh di khéi dinh do. Bai viét xdy dung mé hinh mang hon hop ma rong dé co thé dp
dung mé hinh héa cdc bai todn hiéu qua hon. Két qud chinh ciia bai bdo la thudt todn dich hudng nguon tim luong cwe dai trén mang
hén hop mé réng, voi ¥ twong chinh ciia thudt todn 1d tim dwong di tang ludng tir dinh dich dén dinh nguon trén mang hén hop mé
rong; boi 16 théng thieong thudt todn Ford-Fulkerson tim diwong di tang luong chi tir dinh nguon dén dinh dich.

Tir khéa - dé thi, mang hén hop mo rong, lué‘ng, lué‘ng cuc dai, thudt toan.
I. PAT VAN DE

Mang va ludng trén mang 1a cong cy toan hoc hitu ich img dyng trong nhiéu linh vuc nhu giao thong, truyén
thong, cong nghé thong tin, kinh té,... Cho dén nay trong mang co dlen moi chi xét dén trong sb ciia cac tuyén va cac
nut mot cach doc lap, trong d6 do dal duong di chi don thuan 1a tong trong s6 cac canh va cac nit trén dudng di do.
Tuy nhién, trong nhleu bai toan thyuc té, trong sd tai mot nat khong giéng nhau véi moi duong di qua nit d6, ma con
phu thude vao tuyen di dén va tuyén di khoi nut d6. Vi du thoi gian di qua nga tu trén mang giao thong phu thudc vao
huéng di chuyen ctua phuong tién giao thong: r€ phai, di thang hay r& trai. Vi vy cin xdy dung mot mé hinh mang mo
rong dé c6 thé ap dung mo hinh héa cac bai toan thuc té chinh x4c va hiéu qua hon. Trén co s& cic nghién ciru vé bai
toan 1u6ng cuc dai [1, 2, 3,4, 5, 6], dd thi m¢& rong [7, 8] va mang hén hop mé rong [9, 10, 11], nén bai bdo phat trién
thudt toan dich huéng ngudn tim ludng cuc dai trén mang hdn hop mé rong khac biét so voi thudt toan Ford-Fulkerson.

II. MANG HON HQP MO RONG

Cho mang la d6 thi hon hop G = (V, E) véi tap niit V va tap canh E. Céc canh c6 thé ¢ hudng hodc v6 hudng.
C6 nhiu loai phuong tién luu hanh trén mang. Nhiing canh v6 huéng biéu dién tuyen hai chi€u, trong d6 cac phuong
tién trén cung tuyén nhung nguoc hudng luu hanh chia sé kha nang thong hanh cua tuyén. Trén mang cho cac ham sau.

Ham khd néang thong hanh canh cg: E-R’, v6i cg(e) 1a kha ning thong hanh canh ec E.
Ham kha ndng thong hanh nit ¢y: V—R, v6i ¢ (u) 1 kha ning thong hanh nat ue V.
B6 (V, E, ¢z, ¢y) goi la mang hén hop mo rong.
III. LUONG TREN MANG HON HOP MO RONG
Cho mang hon hop mé rong G = (V, E, ¢z, cy). Gia thiét G ¢ dinh ngué)n s va dinh dich ¢.
Tap cac gia tri
) | (xy)e E}
goi 1 luong trén mang G néu thoa min
(i) 0= flxy) < cp(xy) V(xy)eE
(ii) V&i moi dinh z khéng phai ngudn hogc dich
S f(vz)= 3 f(zv)

(v,2)eE (z,vEE

(iii) V6i moi dinh z khong phai ngudn hoic dich
3 f(2)s e
(v,z)eE

Biéu thtc
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W) = f(S, V), goi 1a gid tri ciia luong F.
(s,veE
® Bai todn lqung cuc dai

~ Cho mang hén hop mé rong G = (V, E, ¢g, ¢y) v6i dinh ngudn a va dinh dich z. Nhiém vy cta bai toan 1a tim
ludng co gia tri 1on nhat.

Bai toan ludng cuc dai 1a bai toan quy hoach (uyé{l tinh. Gi4 tri ctia ludng bi gi6i han boi tong kha ning thong
hanh cua cac cung di ra tir dinh nguon, vi vy ta c6 thé khang dinh dinh ly sau:

e Pinh Iy 1. V6i mdi mang hdn hop mé rong G = (V, E, ¢g, ¢y) voi dinh ngudn a va dinh dich z, luén luén ton
tai luong cuc dai [1].

IV. THUAT TOAN PiCH HUONG NGUON
+ Ddu vao. Mang hon hop mé rong G = (V, E, cg, cy) voi dinh ngudn a va dinh dich z [4].
Céc dinh trong G dugc sap xép theo thir ty nao do.
+ DPau ra. Ludng cuc dai F= {fx, y) | (x, y)e E}, 13 tap cac ludng trén mang G.
+ Cdc budc.
(1) Khoi tao
Ludng xuét phat: flx, y) =0, V(x, y)E.
Céc dinh xuét phat s& dugc lan lugt gan nhan 1an thir nhat L; gdm 5 thanh phan:
Nhan lui c6 dang:
L) =, prenv), c1(v), di(v), bity(v)] va 6 thé dugc gan nhin lin hai
Lov) = [4, preva(v), ex(v), do(v), bitx(v)], v6i previ(v) 1a dinh lidn ké sau déi véi nhan lui;

it nhan lii (4) cho dinh dich:

z[d,¢,00,00,1]

Tao lap tap T gém céac dinh dd c6 nhan 1ui nhung chwa dugc ding dé sinh nhan 1di, T’ 14 tip dinh dwoc gan nhan
Iui nho cac dinh cua tap T

T:={z}T"=¢

(2) Sinh nhén lii

(2.1) Chon dinh sinh nhan It

- Truong hop T # ¢ : Chondinh ve T nhé nhét (theo thir tr).

Loai vkhoi T, T =T \{ v}. Gia str nhan Iui cua v 1a [~l , previ(v), ci(0), di(1), biti(#)], i = 1 hodc 2. B 1a tap cac
dinh chua c6 nhan i va ké dinh sinh nhén lui v. Sang budc 2.2.

-Truonghop T'=¢ vaT'#¢:Gan T =T', T"=¢ . Quay lgi buéc 2.1.

- Truong hop T =¢ va T'= ¢ : Két thiic, luong F 1a cuc dai.

(2.2) Gan nhan i cho dinh chua c6 nhén 1ui va ké dinh sinh nhén 1ui v

- Truong hop B =¢ : Quay lai budc 2.1.

- Truong hop B # ¢ : Chon ¢ € B nho nhét (theo thir tur). Loai ¢ khoi B, B := B \+ t}. Gén nhin Iui cho # nhu
sau:

Néu (t,v) € E, f(t,v) <cg(t,v),bit;(v) =1 dit nhan i dinh ¢ 1a: prev(?) == v;

¢(t):=min{c,(v), cx(t,n)=At,v)}, néu di(v)=0,

¢(t):=min{c,(v), c(t,n)=At).di(v)}, néu di(v) > 0;



Trn Ngoc Viét, Tran Qudc Chién, L& Manh Thanh 675

ORI SED WAL

(i,HeE
bit(t):=1, néu dy¢) > 0,
bit(t):=0, néu di(¢) = 0.
Néu (v,t)€ E, f(v,t) > 0 datnhan lui dinh ¢ 1a: prev/(?) := v; ¢(¢):=min{c,(v), Av.f)},

Il
—_

Ay =ch- Y fi,1);bit oy
(i )eE

Néu ¢ khong duge gan nhan Iui, thi quay lai budc 2.2.

Néu ¢ dugc gan nhan Iui va r=a , thi sang budc hiéu chinh ting ludng. Sang budc 3.

Néu ¢ duge gan nhan Lui va ¢ # a, thi b sung ¢ vao 77, T":= T"U{ t} va quay lai bude 2.2.
(3) Higu chinh ting luong

Gia str ¢ ¢6 nhan lui [l , prev(?), ci(f), di(?), bit(r)]. Ta hiéu chinh ludng F nhu sau:
(3.1) Hiéu chinh tir 7 dén z theo nhan lui
(3.1.1) Khoi tao
x:=s, y:=prev(s), &:=cis).
(3.1.2) Hiéu chinh
(i) Truong hop (x, y) 1a canh ¢6 hudng tir x dén y: dit fx, y) = flx, y) + 8.
(i) Trudng hop (1, x) 1a canh c6 hudng tir y dén x: dat Ay, x) = Ay, x) — .
(iii) Truong hop (x, y) 1a canh v6 hudng:
Néu f{x, y) > 0 va fly, x) = 0, thi dat f{x, y) == fx, y) + &.
Néu fy, x) > 0, thi dat Ay, x) :==fy, x) — 8.
(3.1.3) Tinh tién
(i) Truong hop x = z, thi sang budc 3.2.
(ii) Truong hop x # z: Pit x == y va y:=k, v6i k 14 thanh phan thr hai ctia nhan Iui dinh x. Sau d6 quay lai
budc (3.1.2).
(3.2) Xoa tit ca nhn cta cac dinh trén mang mo rong, trir dinh dich z. Quay lai bude 2.

e Dinh Iy 2. Néu cic kha ning théng qua canh va kha nang thong qua dinh 1a sé nguyén, thi sau hitu han budc
quaé trinh giai ket thuc.

Chirng minh

Theo dinh 1y 1, qua mdi budc hiéu chinh ludng, gia tri ludng ting 1én 1 lugng don vi (do ¢z nguyén, ¢y nguyén,
kéo theo & nguyén dwong). Mt khac, gia tri ludng bi chan trén bai tong cac kha ning thong qua cia cac cung di khoi
dinh ngudn. Vi vay qua mdt so hitu han budc qua trinh gidi phai ket thuc.

e Dinh Iy 3. Cho F = {f{x,y) | (x.y)e E} 1a ludng trén mang hdn hop mé rong G véi dinh ngudn s va dinh dich 7.
Khi d6
3 flsx)= 3 fx0)
(s,x)eE (x,H)eE
Chirng minh
Goi ¥ 1a tap cac dinh. Véi cac dinh x, y khong ké nhau ta gan f'(x, y) = 0.

Taco Y X f(x,y)= %Y Xf(¥.x)

yeV xelV yeV xelV
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< } (Z f(an’)— Zf(yax)Jzo

yeV\xelV xeV

N
St 2 ( 2 f(xay)_ Zf(y’x)}'i_( 2 f(xat)_ Zf(l,X) +{ 2 f(an)_ Zf(S,X)}:O

yeV\{s,t )\ xeV xeV xeV xeV ) \xeV xeV
- 3 flsx)+ X f(xt)=0 e Xflx)= 3f(xn1)
(s,x)eE (x,t)eE (s,x)eE (x,))eE

e D§ phirc tap ciia thudt todn.

Gia thiét kha ning thong qua canh va kha ning thong qua dinh 14 s6 nguyén. O mdi budc lap tim duong di ting
ludng ta phai duyét qua nhidu nhét 1a |E| cung va dé hiéu chinh ludng ta phai duyét qua nhiéu nhit 1a 2.|V] cung trén
duong di tang ludng. Nhu vay do phirc tap mdi 1an tang luong 1a O(|E | +2.|V|). Ky hiéu v 1a tri ctia ludng cuc dai. S6
lan ting ludng nhiéu nhat 1a v". Vi vay do phirc tap cta thuat toan 1a O(v'(|E | + 2.|V])).

V.ViDU

Cho so d6 mang hdn hop mé rong & hinh 1. Mang ¢6 6 nit, 6 canh c6 huong va 3 canh vo huéng Kha nang
thong hanh canh cg va kha nang thong hanh nut ¢y. Pinh nguon 1a 1, dinh dich 1a 6.

(10) (9)

(9) 7 (10)
Hinh 1. So db mang hdn hop mé rong
Xuét phat tir ludng 0 cho ¢ hinh 2

Hinh 2. Mang xut phat tir ludng 0

*) Gan nhan 1t 1an thu 1:

Dinh dich 6: nhan i [{, @, co, oo, 1]
Pinh 5: nhan i [, 6, 9, 9, 1]

Dinh 4: nhan lii [, 6, 10, 10, 1]
Dinh 3: nhan lui [\L, 4,17, 9, 1]

DPinh 2: nhan lui [sl/, 5, 7,10, 1]
Dinh 1: nhan lui [xL, 3,7, o, 1]

Két qua hiéu chinh ting ludng cho & hinh 3 va gia tri ludng v(F) = 7.
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Hinh 3. Mang c6 gia trj ludng v(F)=7

*) Gan nhan i 1an thir 2:

Pinh dich 6: nhan i [{, @, oo, oo, 1]
Pinh 5: nhan i [, 6, 9, 9, 1]

Dinh 4: nhan i [, 5, 5, 3, 1]

Dinh 3: nhan lui [\L, 5,6, 2,1]

Pinh 2: nhan i [{, 35, 7, 10, 1]
Dinh 1: nhan lui [sL, 2, 7, oo, 1]

Két qua hiéu chinh ting ludng cho & hinh 4 va gia tri ludng v(F) = 14.

Hinh 4. Mang c6 gia tri ludng v(F)= 14

*) Gan nhan i 1an thi 3:

Dinh dich 6: nhan i [{, @, co, oo, 1]
Pinh 5: nhan Lui [4, 6, 2, 2, 1]
Dinh 4: nhan i [, 6, 3, 3, 1]

Pinh 3: nhan i [{, 5, 2, 2, 1]

Pinh 2: nhan lui [{, 3, 2, 3, 1]
Dinh 1: nhan i [{, 2, 2, oo, 1]

Két qua hiéu chinh ting ludng cho & hinh 5 va gia tri ludng v(F) = 16.

Hinh 5. Mang c6 gia tri ludng v(F)= 16

Day 14 ludng cuc dai, vi trong lan sinh nhén i tiép theo, dinh 1 khong dugc gan nhan i
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VL KET LUAN

Bai viét x4y dung mo hinh mang hdn hop mé rong dé c6 thé ap dung mé hinh héa cac bai toan thyc té chinh xac
va giam khoi lugng tinh toan ¢ nhidu cong doan nay sé lam ting dang ké hiéu qua cia thuat toan so véi thuat toan [10]
do gan nhan dong thoi ca dinh nguén va dinh dich. Y tuéng ciia phuong phép trong bao céo nay la gan nhin cac dinh
xuat phat tir dinh dich hudng dén dinh ngudn. Tiép theo dé, bai bao x@y dung dugc thudt toan dich hudng ngudn tim
ludng cuc dai trén mang hdn hop mo rong. Cudi cung, mot vi du cu thé dugce trinh bay dé minh hoa cho thuét toan trén.
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SINK TOWARD SOURCE ALGORITHM FINDING MAXIMAL FLOWS ON
EXTENDED NETWORKS

Tran Ngoc Viet, Tran Quoc Chien, Le Manh Thanh

ABSTRACT - Graph is a powerful mathematical tool applied in many fields as transportation, communication, informatics,
economy, ... In ordinary graph the weights of edges and vertexes are considered independently where the length of a path is the
sum of weights of the edges and the vertexes on this path. However, in many practical problems, weights at a vertex are not the
same for all paths passing this vertex, but depend on coming and leaving edges. The paper develops a model of extended network
that can be applied to modellingmany practical problems more exactly and effectively. The main contribution of this paper is sink
toward source algorithm finding maximal flows on extended mixed networks.

Keywords - graph, extended mixed networks, network, flow, maximal Flow, algorithm.



