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TOM TAT— Trong bai bao nay liege do sai phdn khdc thieong cho mé hinh siéu quan thé dwoc xdy ding. Tinh chdt én dinh ciia mé
hinh roi rac dwoc nghién ciu dwa trén mét mé réng cia Pinh 1y on dinh Lyapunov. Dya trén két qua ndy ching t6i chitng minh
duoc rdng hege do sai phan khdc thuong bdo todn tdt cd cdc tinh chdt ciia mé hinh siéu quan thé. Cac thir nghiém sé chi ra rang
cde két qua Iy thuyet la hoan toan diing ddin. So véi phirong phdp chung 16i da su dung trudc do [1], phuong phdp ham Lyapunov
don gian hon rdt nhiéu vi khong can thire hién cdc tinh todn phirc tap va cac ky thudt khé dé chimg minh tinh chat én dinh cia mé
hink roi rac.

Tiv khéa— Lugc do sai phan khdc thwong, md hinh siéu qudn thé, dinh Iy 6n dinh Lyapunov, mod phéng sé.
I. GIOI THIEU

Céac nghién ctru vé cac hé théng sinh hoc, hda hoc, vt 1y, co hoc,... dd dugc phat trién trong nhiéu nam qua
[2, 4]. Céc hé thdng nay thudng duge mé ta boi cac phuwong trinh vi phin dao ham riéng cling nhu cdc phuong trinh vi
phan thuong. Nghiém cia cac phuong trinh nay c6 céc tinh chét ddc biét nhu tinh chit duong (ching han, sb luong
quén thé trong cac md hinh sinh hoc, nong do6 cac chat trong phan tng sinh hoa, kich thudc, nang luong,...), tinh chat
don diéu, tinh chit tuan hoan, tinh chat 6n dinh va mot sd tinh chat bat bién khéac... Bén canh d6 cac phuong trinh md
ta cac hé thdng nay thudong rat phurc tap, khong co6 hi vong giai ding. Chinh vi vay viéc nghién ctru cac phuong phap
giai gan diing va mo phong sd phuong trinh vi phan la mot trong nhimg van dé quan trong cua toan hoc néi chung va
toan hoc tinh toan ndi riéng. Do nhu cau cua thyc tidn va su phat trién cuia Iy thuyét toan hoc cac nha toan hoc da tim ra
rt nhiéu phuong phép giai gan dung phuong trinh vi phan.

pé giai gén ding phuong trinh vi phan mé ta cac qua trinh vat ly, sinh hoc, hoa hoc, co hoc,... nhiéu phuong
phap giai gan ding duoc sir dung, trong d6 1a phuong phap sai phan 1a phuong phap phé bién nhit. Ly thuyét chung vé
cac lugc dd sai phan giai phuong trinh vi phan da duoc xdy dung va phat trién trong nhidu cudn sach ma ngay nay da
tro thanh kinh dién (xem, chang han, [17]). Ta s& goi cac lugc do loai nay 1a “lugc dd sai phan binh thuong” (standard
finite difference schemes). Trong nhiéu bai toan phi tuyén cac lwoc dd sai phan binh thudng cd nhuge diém la gy ra
hién tugng khong On dinh so (numerical instabilities) [12-14]. Mot mo hinh roi rac dugc goi 1a c6 hién twong khong 6 on
dinh s6 néu ton tai nghiém cta phuong trinh sai phan (hay lugce do sai phan) khong bao toan céc tinh chét nghiém cua
phuong trinh vi phan twong tng. Trong [12-14] Mickens dua ra rat nhiéu cac vi du chi tiét va phén tich sdu sac hién
tuong khong 6 6on dinh s xay ra khi st dung cac lugce dd sai phan binh thudong. Néi chung lugc d6 sai phan binh thuong
chi ¢6 thé bao toan duoc cac tinh chat cua bai toan khi bude ludi h duoc chon dé roi rac truc thoi gian du nho, tac la
h < h* nao d6 vé&i h* rat nho. Chinh vi thé khi nghién cru mé hinh trong khoang thoi gian rat Ion (t — oo) thi viéc
chon budi ludi qua nho dan dén chi phi tinh toan rat 16n.

Dé khic phuc hién tuong khong 6n dinh sb, vao nhitng nim 80 cua thé ky truée Mickens da dé xuat mot khai
niém méi, duoc goi 1a lwoc d sai phan khac thuong (nonstandard finite difference schemes) dé phén biét véi cac luge
d sai phan binh thuong [12-14]. Theo d6, luge d6 sai phan khac thuong 1a lwoc dd duoc xay dung dua trén mot bo
quy tic xac dinh. Cac quy tic nay duoc dé xudt boi Mickens dua trén cac phén tich hién twong khong on dinh sb khi st
dung céac lugc do sai phan binh thuong. DAy 14 16p phuong phap sé bao toan cac tinh chét ciia phuong trinh vi phan
tuong tmg. D6 14 cac tinh chat ciia nghiém ctia phuong trinh vi phan nhu: tinh chat nghiém duong, tinh chat nghiém
don diéu, tinh chat nghiém bi chdn, tinh chat nghiém tuan hoan, cac tinh chat 6n dinh ctia nghiém va mot s tinh chat
bat bién khac nhu bao toan ning lugng, bao toan hinh dang hinh hoc... Uu thé ctia cc luge dd sai phan khac thuong 1a
c6 thé bao toan cac tinh chit nghiém ciia phuong trinh vi phéan tuong tmg véi moi bude ludi h > 0. Cac luge d6 thoa
man tinh chit nay con duoc goi 1a cac luge dd sai phan twong thich dong luc (dynamically consistent).

Mot tinh chit dic biét quan trong cia phuong trinh vi phén |4 tinh chit 6n dinh cua tap hop diém can béng.
Can nhin manh rélng viéc phan tich tinh chit 6n dinh cua tip hop diém can béng co vai tro quan trong trong viéc
nghién ciru dang diéu tiém can nghiém cua phuong trinh vi phan. Vi thé viéc xay dung cac luoc dd sai phan bao toan
tinh chét 6n dinh cho tap hop diém can bang 1a thye sy quan trong trong viéc md phong sb va giai s6 phuong trinh vi
phan. Cac luge dd sai phén bao toan tinh chat nay con duoc goi 1a luge dd 6n dinh co ban (elementary stable). Co rat
nhiéu ket qua khac nhau vé cic luge dd on dinh co ban, ma tiéu biéu la két qua cho hé dong lyc tong quat [5, 6, 10] va
mdt sd két qua khac cho cac hé phuong trinh cu thé [7, 15, 16, 18]. Cach t1ep can chung, phd bién 1a xem xét ma tran
Jacobian cua lugc do roi rac tai cac diém cin bang. Sau d6 xac dinh cac diéu kién dé tat ca cac gia tri riéng A ctia ma
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tran Jacobian déu nim trong hinh cau don vi. Py chinh la diéu kién cn va di dé diém can bang hyperbolic 1 6n dinh
dia phuong [2, 8]. Nhugc diém chinh va han ché chung ctia cach tiép can nay la:

1. Céch tiép can nay chi ap dung duoc khi tat ca cac diém can bang déu 1a cac diém cin bang hyperbolic. Néu
ton tai mdt di€ém can bang non-hyperbolic thi khong thé st dung cach tiep can nay. Noi chung chua c6 cac ket qua vé
lugce d6 sai phan khac thuong bao toan tinh chat on dinh cho tap hop diém can bang non-hyperbolic.

2. Ngay ca khi tit ca cac diém can bang déu 1a cac diém can bang hyperbolic thi viéc xac dinh diéu kién dé tat
ca cac gid tri riéng A ciia ma trén Jacobian nam trong hinh cau don vi 1a cyc ky kho khan va phuec tap. vé mat 1y thuyét
¢6 thé ap dung diéu kién Jury [2, 7, 18] dé xac dinh cac diéu kién nay. Tuy nhién trén thuc té, trong mot sb truong hop
viéc ap dung diéu kién nay 1a cuc ky phirc tap Vi c6 thé khong xac dinh dugc biéu thirc cua cac diém can bang hodc
bleu thirc ctia cac diém cén bang la qué phtrc tap, thi du khi phuong trinh vi phan c6 s6 chiéu 16n va chira nhiéu tham
sO trong phuong trinh [3]. Song song véi d6 khi sir dung luge do sai phan c6 s6 chiéu 16n (bang sb chiéu ciia phuong
trinh vi phan) va chira nhiéu tham s6 lap (nhdam dam bao viéc bao toan cac tinh chit ctia phuong trinh) thi viéc phan
tich ma tran Jacobian cua luoc dd sai phéan nho diéu kién Jury la khéng thue hién duge.

3. Viéc xem xét ma tran Jacobian nhu trén chi dam bao tinh chét 6n dinh dia phuong trong khi nhiéu mé hinh
lai 6 tinh chat 6n dinh toan cuc [2, 4].

Dé khéc phuc han ché nay c6 thé st dung 1y thuyét 6n dinh Lyapunov dé chi ra tinh chét 6n dinh cua tap hop
diém can bang, ké ca diém can bang nonhyperbolic [8, 9]. Tat nhién, nhuoc diém cia Dinh Iy 6n dinh Lyapunov 1a
khong phai luc nao ciing xac dinh dwoc ham Lyapunov phit hgp. Mic du vay, trong nhiéu bai toan c6 tinh chit dic biét
viéc xay dung ham Lyapunov (lién két chit v4i tinh chat ciia bai toan) lai 1a cong viéc don gian hon rat nhiéu. Khi dé
tinh chat 6n dinh cua cac diém can bé'lng dugc chi ra ma khong can thuc hién céc phén tich ma trdn Jacobian cia
phuong trinh roi rac. Pay 14 hudng tiép can c6 thé ap dung cho nhiéu 16p bai toan khac nhau, khic phuc duoc han ché
cuia cach tiép can dya trén vi€c phan tich ma tran Jacobian trudc d6.

Véi muyc tiéu minh hoa cho huéng tiép can nay, trong bai bao nay, ching t6i xét mo hinh siéu quan thé (dang

thu gon) duoc dé xuat boi Keymer nam 2000 [11]

dx dy
= M-x—y) - pry+ dy—ex, T =yBx-5-e), &)

trong d6 A, B, 8, e la cac tham sé dwong dic trung cho mo hinh. Do ¥ nghia sinh hoc nén ta chi xét céc gié tri
ban dautrongtap D = {(x,y) € R?|x,y = 0;x +y < 1}, tirc 1a cAc gi4 tri ban dau théa min

x(0),y(0) = 0; x(0) +y(0) <1. (2)

Céc phan tich toan hoc [2, Chapter 6] chi ra mé hinh (1) ¢6 cac tinh chét sau day:

(P,). Tinh chit hoi tu don diéu cua tong s(t) = x(t) + y(t):

Vi moi gia tri ban dau thoa man x(0) + y(0) = 1/(A + e) := s* thi moi nghiém x(t), y(t) déu thoa man
x(t) + y(t) = s*. Vi moi gia tri ban dau thoa man x(0) + y(0) > s* thi moi nghiém x(t), y(t) déu théa man
x(t) + y(t) hoi tu don diéu giam dén s*, ngugc lai, véi moi gid tri ban dau thoa man x(0) + y(0) < s* thi moi
nghiém x(t), y(t) déu thoa man x(t) + y(t) hoi tu don diéu tang dén s™.

(P,). Tinh chat bi chan:

T’ét ca cac nghiém cua mo hinh (1) v6i cac gia tri ban dau théa mén (2) ciing théa mén (2). Noi cac khac thi
tap D 1a bat bién duong.

(P3). Tinh chat 6n dinh tiém can dia phuorng:

1 S+e BA

M5 hinh (1) ¢6 hai diém can bang 13 E; = ( 0) va E, = ( - —) batR = Troeie

A+e

) Theo [2, Chapter 6] thi E; 1a 6n dinh tiém can dia phuong néu R, < 1 va E, 1a 6n dinh tiém can dia phuong
néu Ry > 1.

(P,). Tinh chét 6n dinh tiém can toan cuc:

Dinh Iy Poincare-Bendixon [2] chi ra ring E; 1a 6n dinh tiém can toan cuc trén D néu R, < 1 va E, 1a 6n dinh
tiém can toan cuc trén D* = {(x,y) ER?*|x=0;y>0; x+y < 1}néu R, > 1.

(Ps). Tinh chat khong tudn hoan ciia nghiém

Tiéu chuan Dulax [2] chi ra rang mé hinh (1) khéng c6 nghiém tuan hoan trén D.
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Pay 1a mo hinh c6 tinh chét rat phirc tap. Méi ddy bang cach sir dung luge d sai phan khac thuong ching toi
da xay dung thanh cong mo hinh siéu quan thé roi rac twong thich dong luc [1], tirc 1a mé hinh rdi rac bao toan céc tinh
chat (Py) — (Ps) cua md hinh (1). Viéc xdy lugce db sai phan khac thudng cho mé hinh (1) 14 rat phirc tap. Khé khan
chinh 1a & béo toan tinh chat 6n dinh toan cuc (P,). Bé xdy dung lugc dd sai phan khac thuong bao toan tinh chit nay
can sir dung cac ky thuat tinh vi va c4c tinh toan rat phirc tap.

Trong bai b4o nay nhd Dinh 1y 6n dinh Lyapunov ching t6i xay dung luoc dd sai phan khac thuong bao toan
tinh chat 6n dinh toan cuc ciia mé hinh (1), nho @6 nhan duge luge dd sai phan bao toan tat ca cac tinh chat ciia mé
hinh (1). So vé6i cach ching minh cua ching tdi trude ddy, cich ching minh st dung st dung dinh 1y on dinh
Lyapunov ngan gon va don gian hon rat nhiéu. O day, khong can thyc hién céc tinh toan phtic tap va cac ki thuat tinh
vi. Cach tiép can nay c6 thé dugc p dung cho cac 16p bai toan twong tu.

Trong phan II lugce do‘sal phan khac thuong bao toan cac tinh chat cua md hinh (1) dugc xay dung. Phan 111
trinh bay cac thir nghiém s6 nham chi ra cac két qua ly thuyét l1a hoan toan dung dan. Phan két luan va hudng nghién
ctru tiép theo dugce trinh bay trong phan IV.

II. XAY DUNG LUQC PO SAI PHAN KHAC THUONG
Chiing t6i dé xuét lwoc dd sai phan khac thudong cho mé hinh (1) ¢ dang

Xk+:ﬂ k= 21— A+ e)xps1 — AVisr + Yk — Bxiyi ®3)

Yk+1— Yk

0 Bxiyk — 6Yi — eYis1, 0< @(h) =h+0(h*) khi h - 0.

So v&i luge d6 ching toi da xdy dung trude day [1] lugc db (3) don gian hon, chi chira mot tham sé ¢ . Muc
tiéu cua chung ta la xac dinh diéu kién dat 1én ham mau s6 ¢ dé lugce do (3) bao toan cac tinh chat (P;) — (Ps) ctiia mo
hinh (1).

A. Tinh chit hi tu don diéu ciia tong s(t) = x(t) + y(t)
Dinh Iy 1. Lugc d6 sai phan (3) bao toan tinh chat (Py) cia md hinh (1) véi mei ham ¢ (h) théa man.

@(h) >0, YA >0, p(h) = h+ O0(h?) khi h - 0. (4)

Chirng minh. Dat s, = x, + y;. Cong vé v6i vé hai phuong trinh ciia (3) ta thu dugc phuong trinh sai phan tuyén
tinh voi hé sb hang s6 ddi voi sy,

= K + A9 5
T T o(Ate) 1+ e(Ate) ®
D& dang tim dugc biéu thirc nghiém twdng minh cua (5)
A 1 koo
S = |So— + . (6)
k (0 7\+e)(1+<p(/1+e)) A+e
P £ L 1s . 1 LA a:R A 13 N T A 13
Chl y rang néu ¢ la ham duong thi Tro0+e) € (0, 1). Vi thé diém can bang s* = Tte la diém cén bang

6n dinh tiém can dia phuong cua phuong trinh sai phan tuyén tinh (5). Do d6 n6 ciing chinh 1a diém can bang 6n dinh
tiém cén toan cuc. Két hgp vai (6) Pinh 1y dugc chimg minh.

B. Tinh chit bi chin
Dinh Iy 2. Luwoc dé sai phin (3) béo toan tinh chit (P,) ciia mo hinh (1) néu ham @ (h) théa man diéu ki¢n
(h) < { ! } Vh >0 7
¢ mNS AT B+ e’ ' @)

Chirng minh. Ta s& ching minh dinh 1y bing phwong phap quy nap toan hoc. Piu tién theo Dinh 1y 1 thi lugc dd (3)
bao toan tinh chit (P,) ctia mé hinh (1). Do d6, v6i moi gié tri ban diu thoa man (2) thi nghiém cia (1) déu théa min

0 < Xpq + Yiw1 <1,Vk>0.
Do d6 dé chi ra luge dd (3) bao toan tinh chét (P,) cia md hinh (1) ta chi can chimg minh v6i moi gi4 tri ban

dau théa mén (2) thi nghiém cua (3) déu khong am. That vay, dé dang dua luoc d6 (3) vé dang luoc dd hién dang

(1= @&)yr + ©BxkYk
1+ e

: 8)

Yk+1 =
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Xk — PAYks1 + @6V — PPxYi + @A 9
14+ p(A+e) ’

Xk+1 =

Do ham ¢ théa man (7) nén tir (8) ta thu dugc yy,; = 0 v6i moi y, > 0. Ta can chi ra x,,; = 0 voi moi
Xj Va yi théa mén (2). Thé y; 4 vao biéu thirc cia x4, ta nhén dugc

_ PA(1- 9&)yi+ @ BAxkYE
1+ e

Xk + @8y — PBxkyr + @A
1+ p(A+e) '

Mau sb ctia biéu thirc x4, 121+ @(4 + e) > 0 nén ta chi can chi ra tir s6 1a khong am. Dat

Xk+1 =

_ 4 9*BAyk _ A0 98y
A=1 1+ e Qﬂﬁyk, B = 1+ e + (pl'
thi
Ax, + @8y, + B
= - 10
e T T ot e) (10)
Do 0 <y, <1 nén BZ@A—MZ A — o4 > 0. Mat khac, do @ < 1nén ta co
1+ pe 1+ pe
@? < @. Do dé

1— P*BA B = 1+ ge— ¢?BA- pB-9?Be _ 1= @(BA+ B+Be)

1+ @e 1+ @e 1+ @e

A=

= 0.

Vi thé tir (10) ta thu dwoc xp,; = 0 véi moi x, VA y,, théa méan (2). Tir &6 Pinh 1y duoc chimg minh.

C. Tinh chit én dinh toan cuc ciia tip hop diém cin bang
o Bang cach sir dung mot dinh Iy mo rong cua Dinh ly 6n dinh Lyapunov [9, Theorem 3.3] chling ta chi ra tinh

chat 6n dinh toan cuc cua tip hop di€ém can bang.
1. Trwong hgp Ry <1

Truong hop nay trén tap D = {(x,y} € R%x,y =0; x +y < 1} md hinh (1) chi c6 duy nhit diém can
bing E; = (ﬁ, 0). Chiing ta can xac dinh diéu kién dat 1én ham ¢ sao diém can bang E; 1a 6n dinh tiém cén toan cuc
cua phuong trinh (3), tirc 1a E; 13 0n dinh tiém cén dia phuong va di€m hut toan cuc.

DPinh Iy 3. Néu ham ¢ théa man cdc diéu kién ciia Pinh Iy 2 thi diém cin bang Ey la on dinh tiém cdn toan
cuc cua phuwong trinh (3) trén tdp D.

Chikng minh. Sir dung mot mé rong ciia Dinh 1y 6n dinh Lyapunov [9, Theorem 3.3] ta s& chi ra tinh chét 6n
dinh toan cuc cua Ej;.

2 P R . ,
Xétham V(x,y) = (x +y - ﬁ) trén tap D. Ta chira ham V(x,y) théa mén 4 diéu kién trong Binh ly [9,

Theorem 3.3] trén mién D (thay vi trén R? vi ta chi xét tinh chit 6n dinh toan cuc trén D). R& rang ham V (x, y) 1a lién
tuc trén D. Hon nira

1) V(x,y) = 0 v&imoi (x,y) € DvaV(E;) = 0.
2) Tacéh
Y Y
AV (g, vi) = V(e Yer1) — V(e Yi) = (xk+1 + Vi+1 — m) - (xk + Vi — 1T e)
22 an
= (Xgs1 T Vir1 — Xk — Vi) (xk+1 T Vr+1t Xt Ve — m)

Ta d y ring: Do tinh chit (P;) cua mé hinh dwoc bao toan nén véi moi gia tri ban dau thuoc D va x(0) +
y(0) = == thi
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A
< > —— > . 12
Xp+1 T Vi1 = X + Vi xk+yk—l+e' xk+1+yk+1—l+e (12)
Tuong ty, v6i moi gi tri ban dAu thuoe D va x(0) + y(0) < = thi
A
Xpor T Vo1 2 X+ Vo X+ Vi = Tre Ykt + Vi1 < Tre (13)

Vi thé tir (11), (12), (13) ta nhan duoc AV(x,y) < 0 véi moi (x,y) € D. Do d6, diéu kién (2) cua Dinh Iy
duogc thoa man.

3) Mt khéc, tir (11) ta thdy rang AV (x,y) = 0 khi va chi khi (x,y) € {(x,y} € D|x+y = ﬁ} . Do tinh chét (P;)
dugc béo toan nén trong truong hop nay taco G* = {(x,y} € D|x+y = ﬁ} . Ta can chi ra E; la G*-6n dinh toan

cuc, tic1a E; 1a 6n dinh dia phuong trén G* va véi moi gia tri ban dau thuée G* thi (xk, yk) - E; khi k - oo,
That vay:

A o eg. A PR T ~ A v A ‘A , ,
Néu cac gia tri ban dau thudc tap G*, tirc 1a théa man x5 + y, = Fwes thi tir (6) ta thay nghiém cua (3) thoa

man x, + y, = /1/1: véi moi k, hay twong duong véi x;, = ;: — Y. Thé vao (5) ta thu dugc

A
(1— 98y + PBYLG=— W) - (1 - @é+ <pﬁm)yk -

Vi+1 = Ate =
1+ e 1+ e
1- (p6 + (Pﬁ Ate | k+1 (14)
1+ ge o

A
\ . . , n 1- @8+ f— .
Do ¢ théa man cac diéu kién cua Binh Iy 2 nén ¢ < l do d6 190" O > 0. Mit khac do Ry < 1 nén

14 @e
5
1%{:?’1” < 1. Do do, tir (14) suy ra y, — 0 khi k — oo, tc 1a y = 0 1a diém hut toan cuc. Bén canh do, tir (14)
ta thay
d 1- @5+ pf—
Yr+1 (0) — A+e € (0 1) (15)
dyy 1+ ge

Do d6 y = 0 1a 6n dinh tiém can dia phuong. Két hop voi y = 0 1a hut toan cyc nén nod la 6n dinh toan cuc.
Mat khac do tinh chat (P;) dugc bao toan nén rd rang E; la 1a G*-6n dinh toan cyc. Tur d6 diéu kién (3) cta Dinh 1y
duogc thoa man.
4) Do tinh chét (P,) dugc bao toan nén hién nhién moi nghiém cua (3) déu bi chan trén D.
Nhu véy, cac diéu kién cua dinh Iy mé rong cia Dinh 1y 6n dinh Lyapunov dugc thoa man nén E; 1a 6n dinh toan cuc
trén D. Tu d6 dinh 1y dugc ching minh.
2. Trwonghop Ry > 1

Ta dé y rang néu xudt phat tir gia tri ban dau y, = 0 thi tir (5) ta nhan dwoc nghiém cua (3) 1a

=0 X @A
=0 T T At e)

Do d6 dé dang chi ra trong trudng hop nay (xx, vx) — E; va E; 1a 6n dinh tiém can toan cuc. Vi thé trong
truong hgp R, > 1 ta chi xét gia tri ban dau thudc vao tap D* = {(x, y} € R*x 20;y>0; x+y <1}. Néu
R, > 1 thi E, 1a diém can bang duy nhat thudc vao D*. Ta can chi ra tinh chét 6n dinh tiém can toan cuc trong D* clia
EZ-

Dinh 1y sau day duoc phat biéu va chirng minh tuong ty Pinh 1y 3.

DPinh Iy 4. Néu ham ¢ théa man cdc diéu kién ciia Pinh Iy 2 thi diém cin bang E, la én dinh tiém cdn toan
cuc cua phuong trinh (3) trén tap D*.

Chay 1. Ham V(x,y) duwoc xay dung trong chitng mink Binh 1y 3 khdng théa mén cdc diéu kién cia Dinh Iy
on dinh toan cuc Lyapunov ¢ dién trén tap {(x,y} € D|x +y = ﬁ}. Vi thé ¢ ddy thay vi sir dung Dinh Iy on dinh
Lyapunov ¢6 dién chung ta swr dung mot mo rong cua Dinh Iy on dinh Lyapunov ¢6 dién.
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Chay 2. Mau chét quan trong trong chitng minh tinh chat 6n dinh tiém can toan cuc cua hai diém can bcfng
E, VAE, la xdy dung dwoc ham Lyapunov (mé réng). Trong truong hop nay, tinh chdt (Py) V& (P,) ¢6 vai tré ddc biét
quan trong trong viéc xay dung ham Lyapunov. Néi cdch khdc thi tinh chat én dinh toan cuc cia hege dé sai phin cé
lién két chat ché véi tinh chat (Py) va (Py) ctia mé hinh. Néu khéng cé hai tinh chdt nay thi viéc chi ra ham Lyapunov
la cuc ky kho khan va phirc tap.

Chay 3. C6 thé ap dung cdc ky thudt trong phdn ndy cho C&c lwpc do sai phdn ma chiing téi da dé xudt trudée
@6 [1] dé chitng minh tinh chdt on dinh toan cuc ciia tdp hop diém cin bang.

D. Tinh chiit khéng tuin hoan ciia nghiém

Nho tiéu chuan Dulax ta de dang chi ra md hinh (1) khong c6 nghiém tuan hoan. Pbi véi cac phuong trinh sai
phan viéc chi ra tinh chat khong tuan hoan ciia nghiém phuce tap hon rat nhiéu. Tuy nhién, do diém can bang la 6n dinh
toan cuc nén 1o rang lugc do sai phan (3) ciing khong thé c6 nghiém tuan hoan.

Téng hop cac két qua ta nhan duoc cac luge dd bao toan chinh xéac cac tinh chit cho mé hinh (1).
i Dinh Iy 5. Lwoc do sai phin (3) bio toan tinh chit (Py) — (Ps) ciia mo hinh (1) néu ham ¢@(h) théa man
diéu ki¢n
(h) < = {1 ! } Vvh >0 16
¢ PEMIN S B F B ¥ pe ) ' (16)

Chay 4. C6 rat nhiéu cdch dé liwa chon ham ¢ théa man diéu kién (16), ching han ta c6 thé chon ham

_ 1-e7*h 1
p(h) = — 7> pe

III. CAC THU NGHIEM SO

Trong phan nay chung toi trinh bay mét vai thir nghiém s6 nham chi ra rang cac két qua ly thuyét nhan dugc
bén trén Ia hoan toan chinh xac.

A. Truong hop Ry <1

Xét md hinh (1) véi cacthamsé g = 0.8, 1 =0.1, § = 0.2, e = 0.3. Trong truong hop nay R, = 0.4 < 1.
M0 hinh ¢6 hai diém can bang 1a E; = (0.25,0) va E, = (—0.625,0.375), trong d6 E; 1a diém can bang 6n dinh toan
cuc, con E, 1a diém cén bang khong 6n dinh.

Nghiém sb thu duoc tir cac phuong phap Runge-Kutta bdn nic kinh dién (classical four stage Runge—Kutta
method), phuong phap Runge-Kutta hién hai nic (two stage Runge-Kutta method) va phuong phép Euler hlén (explicit
Euler method) duoc biéu dién 1an lugt trong cac Hinh 1-3. Ta thiy ring phuong phap Runge-Kutta bbn néc khong bdo
toan dugc tinh chat nghiém duong cua mé hinh. Phuong phap Runge-Kutta hai nac va phuong phap Euler hién c6
nghiém dao dong xung quanh diém cin bang E; voi bién d6 dao dong tang dan. Khi xem xét nghiém ciia mo hinh trén
khoang thoi gian cang 16n thi dao dong xay ra cang manh. Nghiém sb thu dugc trong cac trudng hop nay khong thé
bao toan cac tinh chét ciia mé hinh (1). Néi chung, cac phuong phép sai phan binh thuong nhu Runge-Kutta va Taylor
chi bao toan tinh chat ciia bai toan khi bude ludi duge chon du nhoé.

Nghiém s6 thu duge tir luge d6 (3) duge biéu dién trong Hinh 4, & ddy ta chon 7 = 5. Trong hinh mdi cip
dudng mau xanh va mau do trong ing v6i mot cdp nghiém x; va y,. Truong hop nay, luge do (3) bao toan cac tinh
chat ciia m6 hinh (1). Tuong tu nhu vay, khi ta chon budc ludi bat ky thi tinh chat cuia mé hinh van duogc bao toan nho
lugce do (3).

|—e—y,.h=6.5
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Hinh 1. Phuong phap Runge-Kutta bén nac kinh dién voi h = 6.5,x(0) = 0.1,y(0) = 0.8
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Hinh 2. Phuong phap Runge-Kutta hai nic véi h = 5,x(0) = 0.1, y(0) = 0.4
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B. Truong hop Ry > 1

Ta xét mo hinh (1) véi céc tham sé =2, 2= 0.3, § = 0.3,e = 0.1. Truong hop ndy Ry = 3.75 > 1. Mb
hinh c6 hai diém can bang la E; = (0.75, 0) va E; = (0.2, 0.55), trong d6 E; 1a diém can bang on dinh toan cuc, con E;
la diém can bang khong 6n dinh.

Tuong ty nhu truong hop R, < 1, cic luge d6 sai phan binh thuong nhu Runge-Kutta hay Taylor chi bao
toan dugc tinh chit ciia mé hinh khi budc lugi duge chon rat nhé. Nghiém s6 thu dwoc tir phwong phép Euler hién véi
budce ludi h = 2.5 duge biéu dién trong Hinh 5 va 6 twong tmg. Trudng hop nay cac tinh chat cia md hinh khong dugc
bao toan. Nghi¢m s6 thu duge dao dong manh xung quanh diém can bﬁng E,. Cubi cung, nghiém s6 thu duogc tir luoc
dd (3) voi k = 5 dugc biéu dién trong Hinh 7. Cac tinh chét cia mé hinh dwoc bao toan chinh x4c nho luge d (3).
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Hinh 5. Nghiém s6 thu duoc tir phwong phap Euler hién
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Hinh 6. Nghiém s6 thu duoc tir phuong phap Euler hién
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IV. KET LUAN

Trong bai béo nay, luge dd sai phan khac thudng cho mé hinh siéu quan thé dugc xay dung. Tinh chét 6n dinh
ctia mé hinh rdi rac dwoc nghién ciru dya trén mot mé rong cia Dinh 1y 6n dinh Lyapunov. Nhd d6 ching toi xay dung
dugc luge do sai phan bao toan tit ca cac tinh chit ciia mo hinh siéu quan thé. So véi cach xay dung ciia chung toi
trude do, cach xay dung ndy ngan gon va don gian hon rat nhiéu. O ddy, khong can thuc hién cac tinh toan phuc tap va
cac k¥ thuat kho. Cach tiép can nay khéc phuc dugc cac han ché cua céc cach tiép can trudce do va cé thé duge ap dung
cho cac 16p bai toan khac twong ty. Trong twong lai chiing t6i s& phat trién két qua nay dé xay dung cac mé hinh rdi rac
béo toan céc tinh chét cua cac mé hinh lién tuc khéc.
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NONSTANDARD FINITE DIFFERENCE SCHEMES FOR NUMERICAL
SIMULATION OF A METAPOPULATION MODEL: USING THE
LYAPUNOV STABILITY THEOREM
Dang Quang A, Hoang Manh Tuan

ABSTRACT — In this paper nonstandard finite difference (NSFD) schemes for a metapopulation model are constructed. The
stability properties of the discrete models are investigated by the use of a generalization of Lyapunov stability theorem. Due to this
result we have proved that the NSFD schemes preserve all properties of the metapopulation model. Numerical examples confirm the
obtained theoretical results of the properties of the constructed difference schemes. The method of Lyapunov functions proves to be
much simpler than the standard method for studying stability of the discrete metapopulation model in our very recent paper.



