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TOM TAT— Bai todn tinh xdp xi phwong trinh dao ham riéng xudt hién nhiéu trong khoa hoc va kj thugt. Hién nay ¢6 nhiéu
phiwong phdp phé bién gidi bai todn ndy nhw: phirong phdp Sai phdn hitu han (FD-Finite Difference), phicong phdp Phan tir hitu
han (FEM-Finite Element Method), phwong phap Phan tir bién (BEM-Boundary Element Method), phwong phdp Thé tich hitu han
(FVM-Finite Volume Method),... Tuy nhién, cic phirong phdp ndiy déu cdn hé tro- béi mét lwdi, trong khi chi phi sinh heéi, duy tri
lwci va cdp nhdt ludi 1a rat Ién. Pdc biét, trong truong hop ham co do dao dong lon, mién cé hinh hoc phikc tap hodc co $6 chiéu
khéng gian cao. Hon nita, trong truong hop ham c¢é dp dao ddng manh cé thé danh hudng Ién dén dé chinh xdc tinh todn. Trong
nhitng nam gan ddy, phwong phdp khong heéi RBF-FD ra doi dé khdic phuc mét s6 khé khan cia phirong phdp hedi trong nhitng
truong hop trén.

Dé thue hién phirong phdp xdp xi khéng lwéi RBF-FD (Radial Basis Function - Finite Difference), chiing ta can sir dung
thudt todn chon tam hay con goi la chon K-ldng giéng gan. Trong bdi bdo nay chiing t6i quan tam dén viéc chon Cac lang giéng gan
voi tdm é/ trong thudt todn chon tam. Cau hoi thiwong ddt ra la can chon bao nhiéu la di va méi lién hé giita diéu kién khodng
cach vdi do phan tan dir liéu ra sao? Thir nghzem cua chung téi cho zhay rang trong truong hop dir lleu phan bé khong qua phan
cum thi ta chi can quan tam dén diéu kién géc déu, vi trong truong hop ndy néu dam bdo diéu kién vé géc thi sé dam bao vé diéu
kién khodng cdch, con trong trieong hop dir liéu phin bé phdan cum thi can phdi quan tam dén ca diéu kién khodng cdch va cé su

thoa hiép giita diéu kién goc déu va khoang cach dén tam dang xét ¢ 12 khdng qua xa . Diéu ndy chimg to viéc bo sung vao thudt
todn chon tam diéu kién dimg lién quan dén khodng cdch 1a can thiét va thudt todn sau khi bé sung thém diéu kién dirng vé khodng
cach sé sur dung dwoc trong cac truong hop dit liéu phdn bo phirc tap.

Tir khéa— RBF-FD, PDE, dirichlet, poisson equation, approximation.
I. GIOI THIEU

Trong bai béo nay ching t6i xét bai toan diéu kién bién Dirichlet: Tim U 5 — [J thoa min
Au=f  trong Q, Uy =9 (1.1)
Trong d6, A 14 toan tir Laplace; cho truéc mién Q < [ % vacacham f, g; ham f duoc dinh nghia bén trong

mién Q vaham ¢ dugc dinh nghia trén bién 0C2 cua mién Q. Dé giai sd, bai toan (1.1) dugc roi rac thanh hé phuong
trinh tuyén tinh sau:

dw0.=(), e, u=g(&), £eds 1.2)

=y
trong do:
1. e §_2 1a tap hop cac tim rdi rac va phan b6 phan tan;
2. 0= == M0 latap cac tAim ndm trén bién;
3 E. =E\0E la tap cac tdm ndm trong mién;

4, E; 14 tap hop bao gdm £ va mot vai tam lan can & € = (con goi la tap tam hd trg £ );

5. W, . €R 14 vécto trong s6 duoc chon sao cho Z W, U (5) ~AU (é’)

éeEC
6. U 1a nghiém x4p xi.
Déi voi phuong phap RBF-FD, vécto trong sd duoc tinh toan boi ndi suy RBF véi cach tinh toan nhu sau:
. v . 5) ,
Cho ¢:J , =[] 1a ham xéc dinh dwong [1]. Chang han, ham Gausian ¢(r) =€/  trongdo O la tham sb ti 1¢. Cho

trude tap X :{Xl,Xz,...,Xn}C R%vaham u:RY — R, n6i suy ham co sé ban kinh S dwoc biéu dién nhu sau:
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s(x)=2aj(l)(x—xj), @ (x)=¢(x]l,), (1.3)
j=1
véi diéu kién noi suy:

s(x)=u(x), wvsii=L2...,n (1.4)

Tt cac cong thire (1.3)-(1.4), ta co:
n
> a@(x —x; ) =u(x), véi i=12,...,n. (1.5)
j=L
H¢ phuong trinh tuyén tinh (1.5) ¢6 thé viét trong dang ma tran nhu sau:
n
<Dxa=u|x, (O .=[(I)(xi—xj)]i’j:l,
trong do6 D, 1a ma trén d6i xtng xéac dinh duong. Vi vay,

1

a=(Dy) Uy

Cho D 1 toan tir vi phan tuyén dugc tic dong vao U (X) trong cong thirc (1.5). Chung ta can tim x4p xi cla

Du (X) bang cong thirc vi phan tuyén tinh,

n
=>"a,DD(x - x;), (1.6)
j=L
Cho X = {Xi }?=1 1a tap tam cd dinh trong khong gian [] d , chung ta c6 thé khai trién hé phwong trinh (1.6)

nhu sau:

Ds(x)=a" DO(x~-), = {(@X )_1 Uy }T DP(x—)x

:((Dx )71 D(D( |x Ux = ZW X)U [W ]i:1’ (1.7)

trong do6 vécto
W(X)=(W1,W2,...,Wn)=(CDX)_1 DO(x—), (1.8)
duoc goi 1a vécto trong s6 va
o =[#(I1%-x 1)) - (1.9
Khi d6 dé tinh vécto trong sd W(X) ta chi can sir dung toan tir vi phan D 14 toan tir Laplace A 1 di. Hon

nira, ta cling can ¢co tap diém X = {Xi, Xyyeeay X } . Dé 1am viéc nay ta can thuét toan chon tap diém phuc vu cho
n

ndi suy RBF.
Cu thé, dé tinh duoc vécto trong s6 W Ceo ta can sir dung thuat toan chon bd diém = Iz Hién nay c6 cac thuat

toan da dugc st dung trong [2] ‘nhung trong truong hop dir liéu phéan bb qua phan tan thi cac thuat toan do gap kho
khan. Trong [2], ching t6i dé xuét thudt toan chon tim v&i mot diéu kién dimg. Gan day, trong [4], chung toi de xudt
thuét toan chon tdm véi hai diéu kién dung nhung dé giam phtrc tap, ching t6i chi st dung mot bo gia tri tham sé cho
c4c loai phan bd dir liéu, tir don gian d&én phirc tap. Hon nita, thuat toan nay con duoc ding cho muc dich lam min
khong ludi. Trong bai bao nay ching t6i chi tép trung nghién ctru ky sy anh hudng cua céc diéu kién dung lién quan
dén khoang céch trong thuat toan chon tam trong [4]. Két qua cho thdy rang trong nhimg truong hop bai toan c¢6 ham
dao dong it hay dir liéu phan b6 khong qua phan cum thi két qua cua thudt toan trong [2] xap xi voi ket qua két qua khi
dung thudt toan [4], con trong truong hop bai toan ¢6 ham dao dong manh thi dung thudt toan [4] s& t6t hon véi gia tri
tham s lién quan den khoang cach phu hop véi do phan tan. Cu thé 1a khi dit liéu phan bd qué phan cum thi ta nén sir
dung gia tri tham s6 khoang cach 16n hon.

Bai bao dugc to chirc nhu sau: Phan II, trinh bay thuat toan chon K- Lang giéng gan; Phan III, trinh bay lugc

dd khong ludi RBE-FD giai phuong trinh Poisson va céac két qua thir nghiém; Phan cudi cing danh cho két luan.
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IL. THUAT TOAN CHON K-LANG GIENG GAN
Thuét toan [4] dugc trinh bay nhu sau:
Cho ¢ €&, va E, = {é’, é’l,...,é’n} c B, trong d6 £,&5,..., &, duoe xép theo chiéu nguoc chiéu kim dong hd
aéivoi & .

n

. 2 i - .
w60 Con &)= 0t (61608 =ming, a(4,6,,....¢, ) =maxa;,
i=1

1<i<n I<i<n

trong d6, @; ky hiéu la géc gitta hai tia Z;,{C;,, theo huéng nguge chiéu kim dong ho véi chu ky &, =4
Thuét toan nay str dung hai diéu kién dimg;
1. Diéu kién dung thir nhat:

Kk

c — =
1¢ =&l =2 (1, =< +1¢; =) voi c21va SeENE,, (1.10)

2k =
2. Didu kién dung tht hai:
(81,800 8) <va(8,. 8500 8,), v>1.0 (1.11)
e Thuijt toan:
Input: =.
Output: Eg.

Parameter: K (S6 diém cia Eg \{é/}), v >1.0(ngudng goc déu), € >1.0 (ngudng khoang cach) va m>K (sé

diém gan £ nhét dugc dua vao xét).

Begin
I. Tim m diém trong E\{é’} ma gan ¢ nhit va thoa man || & - || & -S| <€, =<l
pautien, Z, ={{, ¢, ¢} ={{, & G va i =k +1
II. While i<m
1. If diéu ki¢n dimg thir nhdt (1.10) dugc thda man, then STOP va tré vé tap =, .
2. Tinhcac goc 6!11,61/2,...,05,'<+l dugc tao boi tdp mé rong {é’ll,gé,...,é/l;ﬂ}={§1,§2,...,§k,§}.
Néu cic goc giita tia ¢& va hai tia lan can cia no déu 16n hon goc nhd nhat
QI::Q(§1’§21---l§k+1):
i. Tim ] sao cho a} —qa. Chon P=j hoic p= j+1 phy thudc vao oz'j_l<0{'j+l hay
o120,
i 1 ({60 e Ceaf MG} ) < (60 S 60
a. Update 2, ={¢, &y &} = {8060 S MGG )
b 1f &y, Cor &) V(L1 Eyoennn ), then STOP va tri vé 2.
3. Ifi=m:
Tim m diém tiép theo & ., & ..., &, thude E\{C} va gan ¢ nhat va dugc xép theo
khoang cach tang dan dén £ va m:=2m.
4. Gan i=i+1.
End.

o Nhén xét
- Trong bai béo [4], chiing t6i sir dung bo tham s6: K =6; m=50;v=2.5;c =3.

- Trong bai bao nay ching t6i nghién ciru ky sy anh huong ctia cac tham sé V va C dén diéu kién dirng ctia bai
todn trén cac mién cd hinh hoc khac nhau va ham c6 d6 dao dong khac nhau trong tinh xap xi dao ham.
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II1I. THU NGHIEM SO
A.  Phwong phdap RBF-FD
Dé giai bai toan (1.2), chiing t6i sir dung luoc do sau:
1. Véimdi § €&,
@) Chon tap = ¢ boi thudt toan chon tdm phia trén;
(b) Tinh tham sd ti 1é & thoa mén 16n nhét trude khi sé diéu kién ciia ma tran noi suy (1.9) vuot
qua 10*[3].
(c) Tinh vécto trong s6 nhu cong thire (1.8) voi tham s6 ti 16 § vira tinh trong Bude 1(b):

-1
. o=(0) 30l )k
(d) Thay W, . vira tinh dugc trong (c) vao h¢ phuong trinh (1.2).

2. Giai h¢ phuong trinh (1.2) dé tim nghiém xép xi U(¢), véi & € B,

3. Tinh sai s6 trung binh binh phwong rms (root mean square):
1/2

- Z(Gg—u(g))2 . (1.12)

~int {eEiy

rms =

B. Két qua thir nghiém

Chung t6i sir dung mé [énh trong PDE Toolbox ctia Matlab [6] dé tao ra bo tam = va Eim. Ma [énh nay
danh cho phuong phap FEM thich nghi, nghia la tai cac vi tri mién cé hinh hoc phirc tap hodc ham c6 d6 dao dong 16n
thi s0 tam sinh ra nhi€u hon va ti 1€ thuan véi d¢ dao dong cua hg}lm, xem Hinh 1 vé’Hinh 3. }

. Chuing t6i trinh bay thir nghiém trén 2 bai toan tiéu bicu, bai toan thir nhat la bai ton mau cua phuong phap
phan tir hitu han thich nghi (Bai toan 1) va bai toan thir hai 1a bai toan kho (Bai toan 2), ¢ d6 ham c6 d¢ dao dong rat
manh trong pham vi rat hep (xem Hinh 3 bén phai).

Bai toan 1: Cho phuong trinh Laplace AU =0 trong mién € hinh quat duoc cho béi bit phwong trinh

r<1,-3z/4<@<3r/4 trong hé toa d cuc, voi diéu kién bién Dirichlet cho bsi U (r, q)) = COS(Z(D/ 3)

trén cung tron, va U (I’, (p) =0 doc theo hai doan thang. Loi giai chinh xac 1a U (I’, (p) =r*? COS(Z(D/ 3).

01 28 Q4 02 o 1 3] a4 0t ©ox 1 20 a0t > a0 Y

Hinh 1.Biéu dién bai toan 1. Hinh bén tréi biéu dién sy phan b clia 3559 tam niim trong mién; Hinh gita biéu dién sy phan bd
tam tai vi tri ham c6 d¢ dao dong lon nhat; Hinh bén phai biéu dién 3D cua nghiém chinh xac

Trong Hinh 1 va Hinh 2: Hinh bén trai biéu dién cac tim nim trong mién, hinh nim gitra biéu dién vung dit
liéu phan b6 day ma & do ham c6 d6 dao dong 16n, hinh bén phai biéu dién 3D ctia nghiém chinh xac.

Hinh 2 va Hinh 4, cac duong cong biéu dién sai s6 trung binh binh phuong (rms) dugc tinh theo cong thirc
(1.12), d thi 1a mot ham ciia sai s6 rmMS vai déi s6 1a nghich déo cia s6 nit ndm trong mién. Pudng nét dut biéu dién
sai s6 rms khi su dung thuat toan chon tam trong [2], dudng nét lién biéu dién sai s6 rms khi sir dung thuét toan chon
tam trinh bay Phan II. Dudng nét dut va nét 1ién déu st dung bd tham sé K =6; m=100; u = 3. Riéng dudng nét

lién ding thém gia tri tham s C.
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Hinh 2. Sais6 FMS cia Bai toan 1; Puong nét dit twong tmg véi "Old" biéu dién két qua khi st dung thuat toan chon trong [2];

Puong nét lién trong tng voi "New” bidu didn két qua khi sir dung thuét toan chon & Phan II véi gié tri tham sé C = 2.5

e Nhin xét 1: Trong Hinh 2, ta thy rang 2 duong cong xéip xi nhau, diéu nay c6 thé giai thich rang khi cac tam
phén bo khong qua phirc tap thi thoa man dicu kién goc déu thi cling théa man diéu kién vé khoang cach.

Bai toan 2: [5. Section 2.4: Peak] Cho bai toan Dirichlet (1.1) v6i phuwong trinh Poison AU = f trong mién
2 . 5 —al|[x—x P
Q= (0,1) , trong d6 vé phai f va diéu kién bién duoc chon théa man 15i giai chinh xdc U (X) =g %l

Gia tri & =100000 (the strength of the peak) va X, = (0.51, 0.117) (vi tri cua Peak) (xem Hinh 3 bén phai).

8 1 '

024 1
on 3%
ar| = : - * % o axz2t o x5
8 012 =

"

23

o2

st N =08
PS04 Q504 053 351 0SI2 SSW Ot

Hinh 3. Biéu dién bai toan 2. Hinh bén tri biéu dién sy phan b6 6784 tam; Hinh ¢ gitta biéu dién sy phan b tam tai vi tri ham
c6 d dao dong 16n nhét; Hinh bén phai biéu dién 3D ctia nghiém chinh xac
e Nhin xét 2: Quan sat ca 3 hinh trong Hinh 3, ta thiy ring c6 su thay d6i mat do cac tim qua dot ngdt. Vi vay
c6 thé giai thich rang néu chung ta c6 ging chon sao cho céc tia é’é, cfl e=\ {é’ } phan bd theo cac hudng
thoa min didu kién goc déu thi ta s& phai két nap thém mot diém c6 khoang cach qua xa so véi £ . Diéu nay
ciing giai thich cho 1y do tai sao trong Hinh 4, dudng nét lién dep hon duong nét dit.
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Hinh 4. Sai s6 MS cua Bai toan 2; Pudng nét dit trong tng v6i "Old" biéu dién két qua khi sir dung thuét toan chon trong [2];
Puong nét lién trong tng voi "New" bidu din két qua khi sir dung thuét toan chon ¢ Phan II v6i C =4

IV. KET LUAN

Trong bai bao nay ching tdi trinh bay phuong phap xép xi khong lusi RBF-FD giai phuong trinh dao ham
riéng, thuat toan chon k- lang giéng gan hd trg phuong phap khong ludi RBF-FD, thir nghiém s6 trén mot bai toan mau
va mot bai toan khé. Két qua cho théy:

- Vi cac bai toan dit liéu phan bd don gian, ta co thé sir dung thuit toan chon tam [2] hodc st dung thudt toan
chon tam dugc trinh bay & Phan II phia trén véi gia tri tham sé ¢ nho.

- Vi bai toan kho, ta nén str dung thuat toan chon tim phia trén vdi gia tri tham sb ¢ 1on.
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RESEARCH THE K- NEIGHBORHOOD SELECTION WITH TWO
TERMINAL CONDITIONS FOR THE RBF-FD APROXIMATION METHOD
OF POISSON EQUATION IN 2D

Dang Thi Oanh, Nguyen Van Tao

ABSTRACT—To carry out RBF-FD, we need to use the centres selection algorithm or in other words the k-neighborhood selection.
In this paper, we are interested in the selection of the k-neighborhood with the center é’ in the centres selection algorithm.
Frequently-raised questions are how many is sufficient to select and what relation between spatial distance and data dispersion?
Our experiments have shown that in case data is not dispersed too clustering, we just need to take the equilateral quadrant into
consideration as in case of the condition of quadrant is satisfied, the condition of distance will be sufficient; in case date is
dispersed clustering, we just need to take the condition of equilateral quadrant into consideration and the negotiation between the

condition of equilateral quadrant and the distance to the examined center é’ is not too far. This proves the supplement of terminal

condition in space into centres selection algorithm is required and the algorithm after the supplement of terminal condition in space
will be applied in case data is complicatedly distributed.



