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TOM TAT: Trong bai bao nay, ching téi sé trinh bay mét s6 két qua xdac dinh cac cong thirc tinh xdp xi cac dao ham véi d chinh xdc
béc cao bang Iy thuyét Vvé da thirc néi suy Lagrange. Tir do, ching toi dé xudt viéc xdy dung heoc dd sai phdn VA thudt todn gidi s6 véi
dg chinh xdc cao doi voi bai ‘toan bién voi hé diéu kién bién hén hop cho phuong trinh vi phdn tuyén tinh cdp hai. Tir thudt toan da xdy
dyng, bai b&o dira ra mét s6 két qua dé xudt cac so do Iap gidi mot sé bdi todn bién cho phirong trinh vi phan phi tuyen tinh cdp cao.
Cic két qua di dwoe kiém tra bang cdc chwong trinh thiee nghiém khdng dinh tinh chinh xdc ciia cde phirong phdp da dé xudt.

Tir khéa: Pa thirc ndi suy, xap xi dao ham, phicong phdp s6, phirong trinh vi phan, bai toan bién.

I. MO PAU

Dbi v6i bai toan bién cho phuong trinh vi phan tuyén tinh cap hai, dé tim nghiém x4p xi nguoi ta thudng sir
dung phuong phép ludi chuyén bai toan vi phan vé céc hé phuong trinh sai phan va tir d6 sir dung cac thuat toan da biét
dé giai cac hé phuong trinh dai s6 dé thu dugc nghiém xap xi cua bai toan bién ban dau. D& dang thay rang do chinh
xac cua nghiém xap xi thu dugc s€ phu thudc vao cac cong thic xap xi cac dao ham trong phuong trinh va hé diéu kién
bién dé xay dung lugc do sai phan. Trong cdc phuong phap truyén thong [1, 3, 7], bang cac luoe dd sai phan thong
thuong (d6 chinh xac cip mot va cap hai), chung ta s& thu duoc céc luge dd sai phan vé6i do chinh xac cap mot cho bai
toan bién voi hé didu kién bién hdn hop. Hién nhién dé thu duoc cac lugc dd sai phén véi do chinh xac cao hon ching
ta can xdy dung cac cong thire xap xi dao ham céc clp voi do chinh x4c cao, ddy chinh 1a huéng can nghién ciru. Déi
véi cac phuong trinh vi phan phi tuyen tinh cap cao, trong céc tai liéu [4, 5, 6, 8, 9], cac tac gia da dua ra mot 50
phuong phép lap dé tim nghiém xap xi trong truong hop diéu kién bién dang thuan nhat. Viéc xdy dung cac phuong
phép lap trong truong hop diéu kién bién hdn hop 1a mot hudng nghién ciru cin quan tam.

Noi dung chinh ciia bai bao dé xuat mot phuwong phap xay dung luge do sai phan véi d6 chinh xac cdp bon dbi
v6i bai toan bién cho phuong trinh vi phan tuyén tinh cap hai v6i hé diéu kién bién hdn hop dua trén cac két qua xap xi
dao ham véi d6 chinh xac bac cao. Trén co so két qua dé, bai bao dé xuat mot s6 so do 1p tim nghiém sb cho bai toan
bién phi tuyén tinh cdp bon va cép sau déi v6i hé diéu kién bién hdn hop. Céu trac cua bai bao gém: Muc 1 gi6i thiéu
ndi dung nghién ciru, myc 2 glO’l thiéu vé phuorng phap xac dinh cac cong thire xap xi dao ham véi do chinh xéac bac
cao, myc 3 dé xuit luoc db sai phan mdi giai bai toan cap hai v6i do chinh xdc béc cao, muc 4 gidi thiéu cac két qua dé
xuét cac so d6 lap tim nghiém s d6i voi cac bai toan bién cho phuong trinh vi phan phi tuyén cap bdn va cép sau.

II. BAI TOAN XAP Xi PAO HAM VOI PQ CHINH XAC BAC CAO

A. Ly thuyét vé da thirc ndi suy
Ching ta xét bai toan tong quat: cho ham sb y= f(z), = €[a,b], cho trudéc (n-+1) mdc ndi suy
a=uw, <z, <..<zx, =b.Hiytimdathtc P (z)=az" +az"" +..+a, thoa min tinh chit:

P(z)=y = f(z,) (i=0,12,..,n).
Y nghia hinh hoc ciia bai toan ndi suy la: hiy xay dung dudng cong dai s6 y = P (z) diqua tat ca cac diém cho
trude (z,y,) (1 =0,1,2,...,n). Vé mit toan hoc da chimg minh [1]: véi ham s6 f(z) xac dinh lién tuc va cic mbc ndi

suy tuy y thi da thirc ngi suy P (z) sé ton tai va duy nhat. Bing cac kién thirc toan hoc co ban [1], chiing ta nhan duoc

cong thuc xac dinh da thac ndi suy Lagrange
P () =y, L,(x) +y Ly (z) +... +y,L (2), (1)

¢day L (v),k=0,1,2,...,n la cac nhan tir Lagrange duoc xac dinh bang cong thirc
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(z—m).(z—2_)z—2,_ ) (T—2)

(z, — :ro)...(xk -z, )(z, —:rHl)...(J:k —x”)7

L(z)=

k

k=0,12,...n.

Sai s6 cua phuong phap xap xi dugc xac dinh bang cong thirc

z)=P(x z), trong dé T _ Oy rT—=z
f@)=F (2)+ R, (v), trong d6 R (z) = (n+1)! L)

Trong trudng hop ludi cach déu, ki higu h = (b—a) / n, ching ta c6 thé danh gid sai s6 ciia phép noi suy theo
cong thire f(z) = P (z) + o(h"*").
B. Bai toan xdp xi dao ham

Chiing ta gia thiét ham s6 f(z) 1a ham kha vi moi cap trén doan [a,b]. Sir dung ludi sai phan déu véi budc ludi
h=(b—a)/n, ta chia doan [a,b] bing cic mdc ndi suy a= T, <z <..<z =b, trong do

xr, =a+ih, i=0,1..,n Xuét phat tir cong thirc vé da thirc ndi suy Lagrange, ta s& thu duoc cac cong thirc tinh xap
xi dao ham nhu sau:

f'() = P(a) + R.(2) = P () + -

dx

) ¢
(n+1)! [ll(x -7

d2 (n+41) n
dz’ | (n+1)! i
Nhu véy thong qua viée xac dinh da thire ndi suy cung cac dao ham cua da thire, ching ta c6 thé xay dung duoc
cac cong thure xap xi dao ham cac cap vdi do chinh xac bac cao.

= P'(z) +o(h"),

n

f'(@)= P (2)+ R (2) = P, (z) + = P (z) +o(h"™"), .

n

C. Mt 56 két qud trong trwong hop lwéi niam diém

Gia sir xét lugi nam diém z,,,7,,7,,7, cach deu. Ki hiéu f = f(z,) = f(x, +kh), k =0,1,2,3,4. Ta xac

dinh cac nhan tir Lagrange

Vay theo (1)

o R R ) @), @)@ n)e ) )

P-i - 4 f(‘] + 4 fi
24h —6h
(z—x,)(z — II)(;T —z,)(z—z,) i (z—x,)(z — Il)(l;— z,)(r —z,) L
4h —6h
(z—m)(z—1)(z—2)(r—1,) f
24h* .
Xét tai diém z =z, chiing ta c6
f(z,) = fUL'U(a:O) + flﬂl(:no) + fQL;,(mO) + ijd(.IU) + f4L4(:EU) +o(h'),
F7(e,) = 15 () + L) + L) + AL + L () + o).
Vi
@y = Eme B mn e ) gy B gy = 5
24h" 12h 12h°
L(x)= (z—=,)(z —x2)(1f —w)@—a) L) = 48 D)= — 104
—6h 12h 12h°



360 LUGC PO SAI PHAN GIAI BAI TOAN BIEN CHO PHUGNG TRINH VI SINH...

L) = (x—m)(r—2)(r—m,)(r—2,) =>E2(xo) :ﬁ. L;(xo) _ 114{ ;
4h" 12h 12h°
(z—z)(z—z)(@—2)T—2) 16 . 56
L3($) = : : 4 : ! Ls(xo) =50 L3($U) == 70
—6h 12h 12h
(z—z)xz—2z)(z—=x)(z—u1) , 3 ] 11
L ()= 0 214114 2 3 :>L4($0)=—E; L4(ac[]):@.
Twr d6 chung ta thu dugc cong thuc
1
f'(:co)zﬁ —25f +48f — 36f, +16f, — 3f, +o(h"), 2
1 .
["(z,) = E —104f +114f, — 56, +11f, +o(h?).
Hoan toan tuong tu, 14n luot xét tai cdc mde ndi suy ,z,,T,,Z,,z, , ta s€ thu dugc cac cong thirc twong mg
' 1 ,
fz) = 12h —3f —10f +18f, —6f, + f, +o(h"),
fia,) = — ~f, = 8% +8f, —f, +o(h'),
12h (3)

f'(:er):E —f 46 —18f, +10f, +3f, +o(h"),

i) = ﬁ 3f — 16/ + 36, — 48, +25f, +o(h'),

F'(z,) 121h2 F—20f + 6/, +4f, — [ +o(h"),
N SR P
() = —o =, + 164, =307, +16f, ~ /, +o(h"), “
fU(5,) = —— —f +4f +6f, —20f, +11f, +o(h"),
12h

"z,)= 1 — — o(h?
£7(,) = o 11, =564+ 114f, =104, +35, +o(h").

7 >—h—14f 4f +6f —4f + f, +oh),

f(4>(xl):hi4 [ —Af +6f —Af +f, +o(h),

f<4>(x2):hi4 [ —Af +6f —Af + [, +o(h), ®)

f(4)(x3):h—14 [ A + 6L —4f ~ [ +ofh),

f<4>(x4):hi4 [~ Af +6f —Af +f, +o(h).

Nhdn xét.

e B cong thirc (2)-(5) cho ta cac két qua tinh gin dung dao ham cac cAp v6i do chinh xéac cip bdn, cip ba va
cAp mot twong tng thong qua viée ap dung da thirc n6i suy Lagrange voi s6 niat nam diém. Céc két qua nay trang véi
cac két qua ma tac gia J. Li da cong bd trong [6].

e Trong tmg dung tinh toan, cac mdc nodi suy T,,%,,,, T, ,T, dugc hi€u tong quat 1a ndm moc lién tiep trong

ludi sai phan (n +1), d6 1a cac mdc T, T, Ty s T, T, k+4 <n. Cic cong thirc trén c6 y nghia rat quan trong
trong vi¢c xay dung cac lugc dd sai phén giai phuong trinh vi phan véi d6 chinh xac bac cao.

III. KET QUA XAY DUNG LUQC PO SAI PHAN POI VOI BAI TOAN BIEN CAP HAI
1. Mb hinh bai toan: Xét bai toan bién
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u" = f(z), = €[a,b],
c,u(a) —cu'(a) = C, (6)
dyu(b) + du'(b) = D,

trong d6 ¢,,c,,d,,d, >0, ¢ +c >0, d’ +d} >0 lacac hang sb tiy y. Chia doan [a,b] bang (n41) diém chia voi
buse luéi h=(b—a)/n, z, =a+ih (i=0,1,...,n). Kihidu v. = u(z,), v. =u'(z.), u. =u"(z,).

Trén co so cac cong thirc xap xi dao ham v6i d6 chinh xac cp mot va cap hai, trong [1, 3] da dua ra phuong
phép xay dung luoc dd sai phan tim nghiém s cua bai toan (6) v6i do chinh xac cap mot. Hé phuong trinh sai phan
giai duoc bang thudt toan truy dubi ba dudng chéo voi d6 phirc tap tinh toan o(n). Trén co s& cac cong thire Xap xi
dao ham v6i d6 chinh xac béc cao, chung t6i s€ dua ra phuong phap xay dung luoc dd sai phdn moi tim nghiém sO cua
bai toan (6). Pay 1a két qua méi co6 dd chinh xac cao hon so véi cac luge d6 sai phan da bict.

Xét cong thirc khai trién Taylor tong quat

5 A
u(z £ h) = u(r) £ hu'+ —u"+—u® +—u" +.. 4 o(h"),
2 6 24
hay
B ST S h5 ;
u, =u +hu +—u +—u® + 4 D 4 oY),
i+1 i i 22 i 63 i 4 f 120 L 720f ( )
u , =u —hu, —I—h—u“—h— —I—h ! —h— +—f 4 o(h%).
' 2 6 120 B 720"
Tur day suy ra
vou —2u 4w, B2 R .
u =————"— 5= ——f —— 9 4 o(h
' n’ 12 J 360 J )
Vay ta thu dugc luge dd sai phén véi do chinh xac cép bon
Uiy — 2ui +Uy, hz h'
S A My L. 2ym —1.
h fit f 360 ™ f

St dung céc cong thie tinh xép xi dao ham voi dQ chinh xéc bac cao (2)-(5), ap dung véi cac dao ham tuong
ung trong phuong trinh va diéu kién bién, ta thu dugc hé phuong trinh sai phan voi d§ chinh xac cap bon nhu sau:

c
RV ﬁ —25u, +48u, — 36u, +16u, —3u, =C,
u_, —2u tu, =F;i=12..,n-1

d
du +— 25u —48u  +36u _, —16u _, +3u , =D,
n 12h n n n n n
trong do
R’ B’
F=n|f+— @1 i=12...,n—1.
E J 12f 360f

H¢ c6 dang thu gon
AU=F, @)

o day U = F , ma tran hé s6 ctia h¢ duoc ki hiéu

07 17 Uy ) 0210
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aO 0 a[),l a(}.? aO 3 aO 4 O
al 0 al,l al 2 O
a? 1 a2,2 a2.3 0 0
(,13 2 a3‘3 a& 4 O
A =
an%ﬂ,n —4 an —3,n-3 anf&n -2 0 0
O arﬁ?,nffl aTL*Q,n*Q aan.nfl 0

0 0 a

n—1,n-2 an —1n-1 an =1n

a

a a a
n,n—4 n,n—3 n,n—2 n,n—1 nn
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2. Nhan xét:

e H¢ phuong trinh sai phan (7) chinh la hé phuong trinh sai phan twong ung véi bai toan bién cho phuong
trinh vi phan (6) voi do chinh xac cap bon.

e Trong truong hop khi diéu kién bién c6 dang Dirichlet u(a) = C; u(b) = D, ta thu dugc luge do sai phan
v6i d6i chinh xéc cap sau (do khong phai sai phan diéu kién bién).

e Matrdn A ciia hé phuong trinh khong phai dang ba duong chéo c6 tinh chat chéo tri, do d6 hé khong giai
duoc bé’mg thuét toan truy dudi.

3.B6 a@é

Hé phuong trinh AU = F qua hitu han phép toan bién d6i luon chuyén hé vé dang ba duong chéo c6 tinh chat
chéo troi.

Chung ta cin chimg minh hai van dé:

+ Hé phuong trinh qua hiru han phép toan dugc chuyén vé hé dai s6 tuyén tinh dang ba dudng chéo.

+ Ma tran caa hé ¢6 tinh chit chéo troi.
Chirng minh: Theo tinh chit ctia hé dai s6 tuyén tinh, hé s& khong thay d6i néu ta nhan mot phwong trinh véi mét sd
bat ki sau d6 cong vao phuong trinh khac. Str dung tinh chat trén, ta s& bién d6i hé phwong trinh (7) vé dang h¢ phuong
trinh c6 ma tran ba duong chéo lan luot qua cac budc nhu sau:

Budc 1: Nhan phuong trinh tha tu véi s6 K. L= —a, / a,, sau d6 cong vao phuong trinh thir nhat ciia hé. Qua
phép bién ddi ta thu duoc a,, = 0. Hoan toan tuong tu, nhan phuong trinh thir n —2 vé6i s6 K,=-a,_, / @y
sau d6 cong vao phuong trinh thir n + 1 cta hé. Qua phép bién ddi ta thu duoc a ,=0.

Budc 2: Bién d6i tuong tu, ta thu dugc a,,=00a ,=0.

Budc 3: Bién d6i tuong tu, ta thu dugc a,, =0; a,, 5= 0.

Trong cac phép bién ddi trén, cac thanh phan F,, F ciing nhan duoc gia tri thay d6i theo timg budc bién doi.

Cubi ciing, sau ba budc bién dbi, ta nhan dwoc hé phuong trinh twong duong trong d6 ma tran cta hé c6 dang ba dudng
chéo véi cac so hang dugc xac dinh nhu sau:

Cl Cl
Gy = ¢+ 73 @y, = _E’
a, ., = Loa,=-2%q, =Li=12.,n-1
d
n,n—1 = EL’ an.n = 0 + —
Do dieukién ¢, ¢, >0, d, d =0, do do cac h¢ so cua h¢ théa man tinh chat
|a0,0| > |a0,1|’ |an,n| > |a'n,n71|7 |az,z| = |az,171| + |az,z+1 ? VZ = 1’ 2’""” - 1’

tuc 1a hé thu duoc 1a hé phuong trinh dai s6 dang ba duong chéo co tinh chét chéo troi, nghiém cua hé tim dugc béng
thuat toan truy dudi voi do phirc tap o(n).

4. Mot s6 két qua tinh toan
Dé kiém tra d chinh xdc cta lugc ¢ da xay dung, ching ta ki hiéu v, |3 nghiém ding cta bai toan, u Ia
nghiém x4p xi thu duoc khi giai hé phuong trinh sai phan, & = ”ud - u" 1a sai s giita nghiém dung va nghiém xip xi

trén toan ludi sai phan, sir dung thudt toan truy dudi ba dudng chéo giai hé phuong trinh sai phan. Két qua kiém tra do
chinh xac cua luge d6 dugc dua ra trong cac Bang 1 va Bang 2.

Bang 1. Gid tri sai s6 ¢ trén timg ludi diém =L ¢=2d =2 d =3

Ham nghi¢m dung 10 100 1000
sinz + cos 1.1xe-5 1.4xe-9 9.0xe-13
o 8.0xe-6 1.0xe-9 3.1xe-13
e’ +z' +cosw 1.0xe-5 1.7xe-9 2.0xe-12

Bang 2.
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Biing 3. Gié trj sai s6 ¢ trén timg ludi diém ¢, =1; ¢, =0; d, =1; d =0

Ham nghiém diung 10 100 1000
sinx + cos 1.0xe-9 2.1xe-14 3.1xe-18
e 2.0xe-10 1.0xe-14 1.0xe-18
¢ + 2" + cosz 2.0xe-10 8.0xe-15 8.0xe-19

Céc két qua Bang 1 chi ra rang do chinh xic ciia phuong phap 1a tuong dwong véi o(h*). Khi lya chon
¢, =d, =0 (Bang 2) thi d9 chinh xac 1a twong duong véi o(h°).

Két luan: Bai todn bién cho phuong trinh vi phan cap hai luén luén tim dwoc nghiém xép xi v6i do chinh xac cip bon
bang thuat toan truy dudi ba duong chéo véi d¢ phirc tap tinh toan o(n).

IV. MOT SO KET QUA XAY DUNG SO PO LAP GIAI BAI TOAN BIEN PHI TUYEN BAC CAO
A. So dé ldp gidi s6 phwong trinh vi phin phi tuyén cip bon téng quit

1. Pit van dé: Ching ta xét mot s6 dang bai toan bién phi tuyén tinh cap bon

u = f(z,u,u?), z€ 0,1, (8)
W = fzuu',u® 0, ze 0,1, (9)
(0) = w'(0) = (1) = w" () = .

u = f(z,u,u',u®u®), z€ 01, (10)

u(0) = u'(1) = 0,,u"(0) —au"(0) = 0,8,u"(1) + B,u" (1) = 0.

Day 1a c4c bai toan bién phi tuyén tinh cap bén véi cac hé didu kién bién dang thuan nhét. D6i voi bai toan (8)
va (9), dua trén tu tudng xay dung phuong phép lip toan tir két hop voi phuong phéap phén ra vé hai bai toan bién cip
hai, trong tai liéu [8, 9], cac tac gia da dua ra cac phuong phap 1ap tim nghiém xap xi cua cac bai toan. Viéc ching
minh sy hoi ty ciia cac so dd lap da dugc thuc hién. Ddi voi bai toan (10), trong [4], cdc tac gia da ching minh sy ton
tai nghiém cua bai toan, tuy nhién chua chi ra phuong phap xac dinh nghiém xap xi cta bai toan. Nhu vay co the thy
trong trudng hop tong quat voi hé diéu kién bién day du, viéc ‘xay dung phuong phap ldp xac dinh nghiém xap xi 1a
mot huéng nghién ctru can quan tam. Trong phan nay, phat trlen cac phuong phap lap da duoc dua ra trong [8, 9] két
hop véi luge dd sai phan moi d& xuat, ching toi dé xuat mot sé so do lap tim nghiém xap xi trong truong hop khi hé
diéu kién bién day du.

2. Mb hinh bai toan: Ching ta xét mé hinh bai toan phi tuyén cip bén vdi hé diéu kién bién day du

W = S ), v e ab,
a,u(a) —au'(a) = A, bu(b)+bu'(b) = B,
c,u? (@) — cu®(a) = €, du®(b)+du (b) = D.

2

bat v=u"?, ¢ = f(z,u,u',u”,u?). Khi d6 qua phuong phap phan ri, bai todn cép bdn duogc dua vé hai bai

toan cap hai nhu sau:

v"=p, T€ ab u"'=wv, x € ab ,
c,v(a) —c'(a) =C, a,u(a) —au'(a) = A, (11)
d,v(b) +dv'(b) = D, b,u(b) +bu'(b) =B

Hién nhién cac bai toan cap hai (11) s& lu6n thu dugc nghiém xap xi thong qua luge do sai phan véi do chinh
Xac o(h"). Diém méu chét 1a chiing ta can x4c dinh duoc gia tri ham .
3. Xy dung so d6 lip
Xuét phat tir hai bai toan (11), chling ta dé dang thu dugc cac phu thude v = v(), u = u(y). Tir d6 ta ciing c6 cac
phu thugc u'=u'(p), u® =u?(p), v =u?(p). Vi vay tr phép dit ¢ = f(z,u,u',u”,u®) suy ra
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0 = f(z,ulp),u'(p),u” (@), u?(p)) = F(z,o). Nhu vay ta thu dugc phuong trinh toén tir ¢ = F(z,). Trén co s&
ctia phuong trinh toan tir, ta ¢ thé dé xudt phuong phap lap xac dinh ham ¢ bang thuat toan sau day:

Thuat toan QH_PT 1
Buée 1: (Bude khoi dong): Cho xap xi ban dau ¢, = f(2,0,0,0,0), err 1a vo cung bé cho trude, k= 0.

Budée 2: (Budc lap)

Buée 2.1: Giai 1an luot cac bai toan

’U,::()Dk7 T &€ CLJ) y u;:vk7 T € a’b ,

¢,v,(a) — ¢, (a) = C, a,u, (a) — au, (a) = A,

d v, (a)+d v, (a) = D. byu, (a) + bu, (a) = B.
Budce 2.2: Hiéu chinh 0, (1) = f(z,u, (), (z),0, (z),v,(2)).

k ==k +1. Quay vé budc 2.

bicu kién dung lap cua thuat toan la "uA LY, " < err hodc "u ., — uk”oo < err, 6 day u, la nghiém ding cua

oo

bai toan con u, 1a nghiém xap xi tai budc lap thir & .
Nhén xét:

e Su hdi tu cua phuong phap hoan toan phu thugc vao sy hoi tu cua day lap ¢, = F (z,,). Ty thudc vao
tinh chat cua toan tir F, ta co thé lghéng dinh sy hoi ty cua day lép.’Viéc chirng minh bang ly thuyét 1a chua thyc hién
dugc, tuy nhién chung ta co thé kiém tra tinh hoi tu thong qua cac két qua thuc nghiém.

e Viéc tinh x4p xi gia tri @, (@) = f2,u, (2), u, (z),v,(z),v,(z)) cling dugc st dung céc cong thire xap xi dao
ham u'(z), v'(z) voi dd chinh x4c bac bon. Cac bai toan vi phan cép hai ciing giai dugc bang thuat toan sai phan véi
d6 chinh xé4c cap bén, do d6 chiing ta c6 thé khing dinh nghiém thu dwoc ciing dat dugc v6i do chinh xac cip bdn.

4. Mot s6 vi du

Bai toan 1: Xét bai toan

u = —5u® — (u+ 1) +sin’ 7z + 1, z € (0,1),
u(0) = u(1) =0, »"(0)=w"(1)=0.

Bai todn nay da duoc cac tac gia Z. Bai, W. Ge, Y. Wang dua ra trong [2]. Trong bai bao nay, cac tac gia da chi
ra phuong phap xay dung day lap don di¢u dé xac dinh nghiém gan ding cua bai todn, tuy nhién céc tac gia cling chua
chi ra nghiém xap xi cu thé ctia bai toan. Ta s& sir dung phuong phap lap da d8& xuét dé chi ra nghiém gan dung cua bai
toan. Can chu y ring trong trudng hop nay ching ta khong can st dung cong thirc sai phan dao ham bac nhét voi do

chinh xdc cdp bén nén d6 chinh xac cia phwong phap 1a twong duong véi o(hG). Ki hiéu k 1a sé budc lap,

&= u

e — U " 1a sai s0 gilra hai budc 1ap lién tiép, n 1a so6 di€m ludi. Ta nhan dugc mot so két qua sau day:
oo

Bang 4. S5 budc lap, sai sé twong dbi trén lwdi n =100

k € k €
4.0xe-4 30 7.0xe-12
10 1.0xe-5 35 1.0xe-13
15 3.0xe-7 40 5.0xe-15
20 9.0xe-9 45 1.0xe-16
25 2.0xe-10 50 1.0xe-19
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U004

0 0+ e o6 ar on ) 1

Hinh 1. D) thi nghiém xép xi
Bai toan 2: Xét bai toan
u +u’ 4+ 4+ ) tu® —u® sinu® =0, t€(0,1),
w(0) = u'(1) = 0, 2u”(0) —u®(0) = b, u? (1) +u® (1) = ¢,

2

Dang bai toan trén da duogc cac tac gia H. Feng, D. Ji va Weigao dua ra trong [4]. Trong truong hop hé diéu kién
bién 1 thudn nhét (¢, = ¢, =0), cac tac gia da chimg minh sy ton tai nghiém nhung chua chi ra phuong phép xéac
dinh nghiém gan dung bai toan. Sir dung thuat todn da dé xut, chung ta s& tim nghiém xap xi trong truong hop diéu

kién bién 1a khong thudn nhit (¢ +¢; > 0). Kihiéu k 1a s6 buéc 1ap cua so dd, & = |u

o — Uy "OO , qua thuc nghiém

ta nhan dugc cac két qua nhu sau:

Bang 5. S6 bude lap, sai s6 e trén lu6i n = 100, ¢, =—1, ¢, =2

k e k e
20 1l.4xe-5 45 1.0xe-10
25 1.3xe-6 50 9.0xe-12
30 1.2xe-7 55 8.0xe-13
35 1.1xe-8 60 7.0xe-15
40 1.0xe-9 65 7.0xe-16
0
01 _
02} ]
03} ]
ol ]
05} ]
06} i
7

L L L L L ! L L L
01 0.2 0.3 04 05 0.6 07 08 0.9 1
X

Hinh 2. D) thi nghiém xép xi

Bai toan 3: Xét bai toan

W = sin(rt) + cosmt (coszrt)2 _ sin(— sin‘mf
T 7 i

)+ (u') +sin(u®) + 4P, t €(0,1),

W(0) = u'(0) = ==, u(l)+2u'(1) = — =, 2uD(0)—u(0) = =, u?(1)+uV(1) = 2.

Pay 1a bai toan phi tuyén véi diéu kién bién hdn hop. C6 thé kiém tra bai toan trén c6 nghiém dung la
u, = sin(mt) / w'. Str dung thuat toén da d& xudt, ki hiéu & 12 s6 budc lp ciia s0 dd, & = u, — ]| , ta thu dugc cac

két qua nhu sau:
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Bang 6. S4 bude 1ap, sai 6 € trén lugi 7 = 1000

k £ k €

2 0.0322 16 1.0xe-8
4 0.0037 18 2.0xe-9
6 4.0xe-4 20 2.0xe-10
8 6.0xe-5 22 3.0xe-11
10 7.0xe-6 24 7.0xe-12
12 9.0xe-7 26 3.0xe-12
14 1.0xe-7 28 1.0xe-12

Nhan xét: Qua céc két qua thue nghiém, chiing ta c6 thé thiy rang thuat toan QH PT 1 dé xudt 1a hoi tu, d6 chinh x4c
cua thut toan la twong duong véi o(h').

B. So db lip gidi s6 phwong trinh vi phén phi tuyén cap sdu tong qudt

Phat trién cac két qua da dat dwoc khi dé xuat cac so dd lap tim nghiém s6 dbi voi bai toan bién phi tuyen cap
bon téng quat, trong phan nay ching tdi s& dé xuit cac so dd lap tim nghiém sé ddi vai bai toan bién phi tuyén cép sau
tong quat.

1. M6 hinh bai toan: Xét mé hinh bai toan phi tuyén cép sau voi hé diéu kién bién day du
u = flz,uu',u®,u u™), € ab
au(a) —au'(a) = A, (b) +bu'(b) = B,
c,u?(@)—cu?(a)=C, d uw(b) + du®(b) =D,
(5) ) E,

e,u”(a) —eu(a u™(b) + fu(5>( )=F.

@ o= flz,u,u",u?,u® ", u®). Khi d6 qua phuong phap phan ra, bai toan cap sau

dugc dua vé ba bai toan cp hai nhu sau:

bit w=u", v=u

(2) (2)

2>:<p,1:€ ab v =w, x € ab v’ =v, € ab,
e,w(a)—ew'(a) = E, c,u(@)—cp'(a) =C, au(a) — au'(a) = A, (12)
Jiw(b) + fw'(b) = F, dv(b) +dv'(b) = D, b,u(b) +bu'(b) = B
Hién nhién cac bai toan (12) s& luon giai duoc béng luge dd sai phén véi d6 chinh xac bac cao da dugc dua ra
trong bai toan cap hai. Diém mau chot 1a chung ta can xac dinh dugc gia tri ham .
2. Xay dung so dd lip
Xuét phét tir ba bai toan (12), chiing ta thu dwoc cac phu thude
w=w(p), v=20(¢), u=u(p).
Tu do, ta cling ¢6 cac phy thugc ham
u'=u'(p), v=20(p), v'=v'(p), w=w(p), w'=w'(p).
Vi viy tir phép dat ¢ = f(z,u,u',v,v',w,w'") suy ra ¢ = F(z,¢). Nhu vy ta thu dugc phuong trinh toan tir
@ = F(z,¢). Trén co s¢ clia phuong trinh toan tir, ta cd thé xay dung phuong phap lip xac dinh ham @ bang thuat
todn sau day:
Thuit toan QH_PT 2
Budre 1: (Bude khai dong): Cho xép xi ban dau @, = f(2,0,0,0,0,0,0), err 1a vo cing bé cho trudc, k= 0.

Buéce 2: (Budce lap)

Bude 2.1: Giai 1an luot cac bai toan
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W;’_ZQP“CL<$<[), vl:wk,a<m<, u,::vk,a<$<b7
e,w, (a) —ew, (a) = E, ¢,v,(a) —cu,(a) =C, a,u, (a) —au, (a) = A,
fiw.(a)+ fw, (a) =F. dyv,(a) +dw, (a) = D. byu,(a) +bu, (a) = B.

Budce 2.2: Hiéu chinh @, (@) = flz,u,(2),u,(2),0,(2),0,(x), w,(2),w,(2)).

k ==k +1. Quay vé budc 2.

bicu kién dung lap cua thuat toan 1a "uA -

—u, "OO < err hodc "u . — uk”m < err, 6 day u, la nghiém ding cua
bai toan con u, 1a nghiém xap xi tai budce lap thu k.
Nhan xét:

* Su hdi tu cua phuong phap hoan toan phu thugce vao su hoi tu cua day lap ¢, | = F(z,¢,). Bang 1y thuyét
vé céc so do 1ap ta co thé chirng minh sy hdi tu cua day lap tuy thudc vao tinh chét cta toan tir F. Viéc chirng minh
bang 1y thuyét 1a chua thyc hién dugc, tuy nhién chung ta c6 thé ki€ém tra tinh hdi ty cta so d6 lap thong qua cac ket
qua thuc nghiém.

e Viéc tinh x4p xi gi4 tri @, () = f(z, uk,u;,vk,v;,,wk,ka) cling dugc sir dung cac cong thie xap xi dao
ham «'(z), v'(z), w'(x) voi dd chinh x4c bac bén. Cac bai toan vi phan cip hai ciing gidi dugc bang thuat toan sai
phén véi d6 chinh xac cép bdn. Do d6 chung ta cé thé khéng dinh nghiém thu dugc ciling dat dugc vdi dd chinh xac cép
bbn.

3. Mot s6 két qua thwe nghiém
Bai toan 4: Xét bai toan
© _ -+t -t +1

4
s

sin(nt) — weos(rt) + —u —u®? —u™ +u®, te 0,1,

10u(0) — u'(0) = —7, w(l)+u'(1) = -7, 10u”(0) —u?(0) = -1/ 7, v (1) +8uP(1) = -8 / 7,
u™(0) —10u®(0) = =10 / 7*, 6u (1) + 8u® (1) = -8 / =°.

Pay 1a bai toan phi tuyén voi didu kién bién hdn hop. C6 thé kiém tra bai toan trén c6 nghiém ding la
u, = sin(nt) / 7', Sir dung thuat toan da dé xuét, ki hiéu k 1a sé budc lap cua so do, e = "u — u" , ta thu duoc két
qué nhu sau:

Bang 7. S6 budc lp, sai sb € trén lugi 7 = 1000

k € k €

2 0.049 12 6.0xe-7
4 0.0094 14 5.0xe-8
6 9.0xe-4 16 4.0xe-9
8 6.0xe-5 18 4.0xe-10
10 7.0xe-6 20 4.0xe-12

Bai toan 5: Xét bai toan
(u®y :
u? = 4 sin(u) +uu'+ =+ +sinw?) + ("), te 01,
u(0) — u'(0) = 4, 2u(l) +u'(l) =2, u”(0) —u?(0) = -1, v (1) +4u® (1) = -2,
u?(0)—2u?(0) =7, v () +uP (1) =7 /4.

Day 1a bai toan phi tuyén vai diéu kién bién hdn hop, ching ta khong xac dinh dugce nghiém dung cta bai toan
nay. S dung thudt toan da dé xuat ta s€ tim nghiém xap xi clia bai toan. Ki hiéu £ 1a s6 budc ldp cia so do,
€= "uk_+l —u, " , ta thu dugc cac két qua sau day:
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Bang 8. S4 bude 1ap, sai 6 € trén lugi 7 = 1000

3 k 3
5 0.0936 30 2.0xe-10
10 0.0016 35 3.0xe-12
15 2.0xe-5 40 5.0xe-14
20 5.0xe-7 45 5.0xe-15
25 9.0xe-9 50 4.0xe-16

4.4

L I L L L L I I L
0 01 0.2 03 04 05 0.6 07 0.5 0.9 1
®

Hinh 3. D) thi nghiém xép xi

Nhin xét: Qua cac két qua thuc nghiém, chiing ta c6 thé thay rang thuat toan QH_PT_2 dé xuét 1a hoi tu, cac két qua
dam bao d chinh xac o(h*).

V.KET LUAN

Noi dung chinh ciia bai béo trinh bay co s& toan hoc xdy dung cac cong thire tinh xap xi cac dao ham véi do chinh
xéc bac cao dya trén Iy thuyét vé da thirc noi suy Lagrange. Str dung bd cong thirc x4p xi nay, bai bao dé xuét phuong
phap xay dung lwoc db sai phan véi do chinh xac bac bon giai bai toan bién cho phuong trinh vi phan tuyén tinh cip
hai v6i hé dléu kién bién hdn hop. Trén co so két qua nay, st dung céc phuong phap phén ra cac bai toan cap cao vé hé
céc bai toan cap hai, két hop véi phuong phap lap, bai bao de xuat cac thuat toan xay dung so do lap giai cac bai toan
bién cho phuong trinh vi phén phi tuyén cAp bon va cip sau téng quat. Cac thudt toan trong bai da dugc kiém tra bang
cac chuong trinh thuc nghiém khang dinh d6 chinh xac cua cac thuat toan dé xuat.
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DIFFERENCE SCHEMES FOR SOLVING BOUNDARY VALUE PROBLEMS FOR HIGH
ORDER LINEAR AND NONLINEAR DIFFERENTIAL EQUATIONS

Vu Vinh Quang, Nguyen Thanh Huong

ABSTRACT: In this paper, we will present some results of determining the approximative formulas for derivatives with high order
accuracy using the Lagrange interpolation polynomial. Then we will propose the difference scheme and a numerical algorithm with
high order accuracy for the boundary value problem with mixed boundary conditions for second order linear differential
equations. After that, the paper provides some results about iterative methods for solving some boundary problems for high order
nonlinear differential equations. The results have been tested by empirical programs to confirm the accuracy of the proposed
methods.



