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TOM TAT: Sinh tam thich nghi 1 qué trinh ma céac tdm mai sinh ra tdp trung tai cac vi tri ham c6 dé dao dgng lon va vi tri mién cé
hinh hoc phiic tap (g6c nhon). Trong cac cong bé trude day cia ching tdi vé thugdt toan sinh tam thich nghi, méi tam méi & duwoc
sinh ra néu théa man diéu kién tach biét giza £ véi cac thm nam trong viing lan cgn cia n6 [Oleg Davydov and Dang Thi Oanh,
Adaptive meshless centers and RBF stencils for Poisson equation, Journal of Computational Physics, 230:287-304, 2011] va [Dang

Thi Oanh, Oleg Davydov and Hoang Xuan Phu, Adaptive RBF-FD Method for Elliptic Problems with Point Singularities in 2D,
Applied Mathematics and computation, 313: 474-497,2017].

Trong badi bdo nay ching 16i tdp trung nghién ciru va khdo sdt si anh huéng ciia diéu kién tach biét trong thudt todn sinh
tam thich nghi cho phwong phdp khéng hedi gidi bai toan elliptic. Cy thé la chiing 16i nghién ciru va khdo sdt sw anh hudng cia ‘dg
do gée déu’ p1va s6 tam kg gdn & nhdt trong diéu kién tach biét, con cdc tham $6 khdc ciia thudt todn lam min va tham sé ciia thudt
toén chon tam khong thay doi. Ket qud thir nghiém sé cho lhay rang nghiém xap xi ciia phirong phép khéng ludi RBF-FD c¢6 thé cho
két qua chinh xdc va on dinh néu ching ta chon dwoc cdc gid tri tham sé cho diéu kién tach biét phii hop.

Tir khéa: RBF-FD, PDE, Dirichlet, bai toan Elliptic, xdp Xi.
I. GIOI THIEU
Trong bai bao nay chling tdi xét bai toan bién Dirichlet nhu sau: Tim u:Q — R sao cho:
Lu=f in Q
u=g on oQ

trong d6, L 13 toan tir vi phan tuyén tinh elliptic bac hai; cho trudc mién QcR2, ham f duoc xac dinh bén trong mién Q
va ham g dugc xac dinh trén bién 9Q cua mién Q.

(1.1)

Dé giai s6, bai toan (1.1) cin dwoc rdi rac ha thanh hé phwong trinh tuyén tinh sau:

ZW _f C ge_‘lnt' u:gg' 5665‘1 (12)

EeE,
trong do:
-EcQ la tap hop cac tAm roi rac va phan bd phan tan;
- 02 := EndQ 14 tap hop cac tim nam trén bién;

- Eint:= E\0E 1a tap hop cac tdm nam trong mien;

Z, 14 tap hop cac tAm, gdm & va mot vai tim 1an can £ (con goi 1a tap tim hd trg phuong phap khong ludi );
- WeeeR 1a véc to trong s0;

U 14 nghiém x4p xi.
D6 chinh xac cua nghiém xép xi ( trong hé phwong trinh (1.2) biang phuong phap khong luéi RBF-FD (Radial
Basis Function- finite difference) phu thudc vao ba cong doan chinh nhu sau:
a. Cong doan sinh ra bd tAm roi rac E phu hop véi phuong phap RBF-FD;
b. Céng doan lya chon tap hd trg E, phu hop v6i ndi suy RBF;
c. Cong doan xac dinh véc to trong ) W€ R

Ba cong doan trén cua phuong phap RBF-FD da dugc nghién ctru trong [2, 3, 4, 5] va cac két qua cua phuong
phap khong ludi RBF-FD c6 thé so sanh duoc véi phuong phap FEM (Finite Element Method). Trong bai bao nay
chung t6i chi tap trung vao nghién ciru sy anh hudng cac tham s6 tao nén didu kién tach biét cua thudt toan lam min
trong [4]. Cu thé 1a chung t6i s& nghién ctru va khao sat dé xéac dinh cac gia tri tham $6 tao nén su tach biét t5t nhit cho
mdi bai toan khi sir dung phuong phap RBF-FD. Trong cac bai bao [2] va [4], mot tim g vién &’ dugc chap nhan néu
né thoa min diéu kién tich biét:

dist &'\ =" > usep,. E', (1.3)
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véip e (0,1) va

1,
sep,. E' Z:k—ZdISt(cfi,E'\ &), (1.4)
——

trong d6, Z’ 1a bo tim roi rac thugc mién Q, &8 g 1a kg tam trong = ma gin v6i & nhat va

dist(x,Y) := inf ||x—y|:yeY 1akhoang cach tir diém x dén tap Y. Trong bai béo [4], cic nghiém xAp xi trén b dit

lidu Z dugc sinh ra boi thuat toan lam min v6i bo cac gia tri tham sé p = 0.8 va k= 4, cho d6 chinh xac tot va kha on
dinh. Tuy nhién, gia tri cta cac tham s6 nay chua phai la tot nhat cho moi bai toan khac nhau, do d6 bai bao nay ching
toi s€ nghién curu, khao sat sy anh hudng cta tham s6 p trong Cong thire (1.3) va tham so kg trong Cong thirc (1.4).

Nhu d3 trinh bay & trén, dé so sanh voi cac két qua trong bai bao [4], chung ti chi nghién ctru sy thay dbi cua
tham s tao ra diéu kién tach biét 1a p hodc k. Két qua thir nghiém cho thay chi can thay d6i mot trong hai gia tri tham
sO W hodc K, ta cling c6 thé co két qua tot hon cac két qua da cong bo trong [4].

Bai béo duogc t0 chirc nhu sau: Sau phan gidi thigu 1a Phan 11 trinh bay thuat toan sinh tam thich nghi; Phan III
trinh bay phuong phap khong ludi RBF-FD gidi bai toan elliptic; Phan IV trinh bay cac két qua thir nghiém so va Phan
cuoi cung danh cho két luan.

II. THUAT TOAN SINH TAM THICH NGHI

o D¢ léch (error indicator)

Gia str U la nghiém rdi rac x4p xi cua bai toan Dirichlet (1.1), trong d6 véc to nghiém xap xi nay duoc xac dinh
qua hé phuong trinh tuyén tinh (1.2). Cho truée tap tim Z, v6i mdi {eEiy, tap Ee ={&o &1, ..., &} VOI & = C, duoc
chon bai thuit toan chon tdm, chang han Thudt toan 1 trong [2, 4]. B 1€ch (error indicator) dugc tinh nhu sau: nhu
trong bai bao [4], véi moi LeEiy, d0 léch g(£,&) twong tmg véi mdi ‘canh’ L& duge tinh bang cach cho
(, x =a+b" x—¢ lada thic tuyén tinh ma dir lidu {(§, 0. ): €5} theo huéng binh phwong t6i thicu, trong d6 cac
hé s6 acR, be R? dugc chon sao cho

- 2 .
Z|u§—€g(§)| — min.
Chung t6i thiét 1ap
£6E =5 $E =0 -0, - (-0 (eEnEeEN ¢

e Chién lugc dinh diu

Diéu kién mot canh £& duoc danh ddu dé lamminla & £,& >y E , trong d6

£ E=max € ¢,& ek, fekE,

vay e (0, 1) 1a tham s cho trude.

e Chién luwgc lam min

Nhur trong [4], v&i mdi canh (& duge danh diu, cac tim tmg vién méi 1a diém giita ctia canh &g :=(C+E)/2 va
hai diém 1an can &g = Emig £ AV, trong d6 d = ||C-E||/2 va V 1a véc to don vi vudng goc vai canh £E, ngoai ra con 2
tam (g vién trén bién néu tdm & ndm trén bién. Tam tng vién &’ duoc chip nhan néu n6 théa man diéu kién tach biét
trong bai béo [2, 4] 13 Cong thirc (1.3) va (1.4).

o Thudgt todn: Lam min khong ludi thich nghi

Input: Bo tam r6i rac = va cac tap hd tro {E:: £ € Ein}-

Output: E’ 1a b6 tam sau khi dugc lam min.

Cdc tham s6:y = 0.5 (46 1éch), p (tach biét) va n = 15 (phan trim tim dwoc thém vao).

— =
= =

I.  Tinhngudng do léch £ =& E vabandiu =

1. D6i v6i mdi canh (&, €E,,£eE.\ { saocho & {,& 2E:

LTinh &y = CHE 12,80 =&y +AV VA &y ==&,y — 0V, trong d6 d =g —£]/2 va 7 1a véc to

don vi vudng goc voi canh && . Diu tién thiét lap Zc = 9.
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2.Néu ez, thiddivsimdi &'e &y, &y Eming

Néu dist £',6Q >d/2 va dist £'E' > usep,. E' thithiétlap B, =5, U &' .
3. Hodc néu £ed=:
LVeimdi e &, Ely
Néu dist £,0Q >d/2va dist £,Z' >d/2 thithiétlap . =, U &' .
ii. Néu Z¢ # @ hoic dist(E g, Q) < d/2 thi

Tim hai tAm 1n can & ,& cia & trong 6=, mdi tim theo mot hudng clia & doc theo bién va tinh

hai diém giita & ,& € dQ duge xac dinh boi cap &,& va £, &, phan bigt. Thiét lap =, =2, U &,& .
4. Thiét lap B’ == =" U E¢.
1. Néu sb tam trong E’jne \ Bt it hon n% s6 tam trong =iy, thi dat € = & va quay lai Budc Il
III. PHUONG PHAP KHONG LUOI RBF-FD GIAI BAI TOAN ELLIPTIC
e Véc to trong sé béi ngi suy RBF

Cho ¢:R, — R1a ham xac dinh duong [1]. Chang han, ham Gausian ¢ r =e " 2 , trong do € 1 tham s hinh

dang. Cho truée thp Z, = &,&...& <R vaham u:R" — R, ndi suy ham co so ban kinh s dugc biéu dién nhu

sau:
k
S(fo)zzajq) go_é{j ) @ é{o ::¢ ”50 ”2 ) (3-1)
j=0
v6i diéu kién noi suy:
sé& =ud, v6ii=02...,k. (3.2)

Tur cac Cong thue (3.1)-(3.2), ta co:
k
dad £-& =u &, voi 1=0,1,...,K. (3.3)
j=0

Hé phuong trinh tuyén tinh (3.3) c6 thé viét trong dang ma tran nhu sau:

k

@ a=u., O, =0 &-¢ ]

ij=0"
trong @6 @ 1a ma tran d6i xing xac dinh duong. Vi vay,

-1
a= O Ug. -

Cho A 1a toan tir vi phan tuyén dugc tic dong vao U &, trong cong thic (3.3). Ching ta can tim xap xi cia
Au &, bang cong thirc vi phan tuyén tinh,

As &, :Zk:ajACD &< - (3.4

Cho &, = & :(:0 1a tap tam cd dinh trong khong gian R® va (3.4) dugc viét dudi dang
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As & =a AD & - |5¢

(o ) a0 g

=d

-1
AD 650 - |E; u|::
k k
:;Wiu g :|:Wiu g :|i:0’
trong do6 véc to

-1
W= WoW, W, = D AD | (3.5)

duoc goi 1a véc to trong s6 vai
k
o =[¢ls-¢l | - (36)

e Phwong phap RBF-FD gidi bai todn Eliptic
1. Véc to trong s6 cho phwong phdp RBF-FD gidi bai toén elliptic

Gia st toan tr L trong hé phuong trinh (1.1) c¢6 dang

Lu Xx =AU x +b xu x . (3.7
Nhu trong [4], ta co
k
Lud ~2wu g +b&ug . (38)
i-0
Vi vay trong sb w ¢ trong hé phuong trinh (1.2) duoc chon nhu sau:
W, . =Wy+b &, W, i=12..k. (3.9)

2. Luge do phuong phdp khéng heéi RBF-FD gidi bai toan elliptic
Input:
- MiénQ;
- Cac hamf, g;
- Ham ndi suy RBF Gaussian.

Output: Nghiém x4p xi.
Luwge do
e Budéc I: Sinh bp tim =bang Thudt todn I nhw trinh bay trong Phén II phia trén
e Buéc 2: Véi méi L€5y,
a) Chon tap =, béi Thudt toan chon tam trong [2, 4] hodc [6];
b) Tinh tham s6 hinh dang € nho nhét théa man sé diéu kién cua ma tran noi suy (3.6) khong
vuot qua 10", xem [2, 3];

¢) Tinh véc to trong s6 theo Cong thirc (3.5) véi tham s6 hinh dang € tinh trong Bude 2 b):
1
W= @ AD {—- |E; ;

d) Tinh w, . theo Cong thirc (3.9);

e) Thay w, . vira tinh dugc vao hé phuong trinh (1.2).
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Hinh 2. Hinh (a), (b), (c), (d) bidu di&n sai s6 rms twong tng cAc bai toan a), b), ¢) va d).

Trong céc hinh a), b), ¢), d) cia Hinh 2, tit ca cac duong cong déu biéu dién sai sé trung binh binh phuong rms
theo Cong thic (3.8). Puong cong mau do (FEM) biéu dién sai sé rms ctia nghiém xap xi boi phuong phap FEM trén
cac dinh cta tam giac dugc tao ra nho pde Toolbox trong Matlab [7]; Puong cong mau xanh da troi (RBF-FD - ODP)
biéu dién sai sé cua phuwong phap RBE-FD trén cac tim duogc sinh ra boi cac thuat toan va cac tham sb nhu trong [4];
Pudng cong mau xanh 14 cdy (RBF-FD - Fair) biéu dién sai s§ ctia phwong phap RBF-FD trén cac tim duoc sinh ra boi
cac thuat toan trong [4] nhung vdi tham ) p hodc tham s6 kg duge chon hoi khac mot chat. Cu thé 1a:

e Trong Hinh 2a) va 2d) twong tng v&i Bai todn a) va Bai toan d), dwong cong mau xanh 14 ciy st dung p =
0.81, con dudng cong mau xanh da troi sir dung tham s6 p = 0.80. Quan sét ta thdy, v6i Bai toan a), nghiém xap xi
trong truong hop p = 0.81 chinh xac va 6n dinh hon p = 0.80 khi s6 tdm 16n hon khoang 400.

e Trong Hinh 2b) tuong (rng véi Bai toan b), dudng cong mau xanh 14 cay sir dung ks = 2, con duong cong mau
xanh da troi stt dung tham s ks = 4. Quan sat ta thdy Bai toan b) cho nghiém x4p xi trong truong hop ke = 2 chinh xac
va 6n dinh hon p = 0.80 k, = 4.

e Trong Hinh 2c) twong g Bai toan b), duong cong mau xanh 14 ciy st dung p = 0.83, con dudng cong mau
xanh da troi sir dung tham s6 p = 0.80. Quan sét ta thiy, véi Bai toan ¢) cho nghiém xép xi trong truong hop p = 0.83
chinh xéc va 6n dinh hon u = 0.80.

Tir céc két qua phia trén cho thdy mdi truomg hop bai toan cu thé déu c6 bo tham riéng biét cho bai toan d6 dé cho
két qua tot hon. Hon nira, cac gia tri nay khong khéac nhiéu so voi cac gia tri tham s6 ma ching t6i da st dung trong [4].

V.KET LUAN

Trong bai bao nay chling tdi nghién ciru va khao sat sy anh hudng cua cac tham s tao nén didu kién tach biét
trong thuat toan sinh tam thich nghi trong [2] va [4]. Ket qua thtr nghiém trong Phén IV cho ta thdy chi can thay dm
mot chut cac gia tri tham s6 nay thi d6 chinh Xdc va sy 6n dinh ctia nghiém xdp xi trén bd tdm dugc lam min s¢ cai tién
dang ké. Cac két qua nay 1a mot trong nhitng tién d& gitp ching t6i theo dudi cac nghién ctru voi diéu kién tach biét
trong thuat toan lam min véi muyc tiéu sinh ra dugc b tim thich nghi tot cho phwong phap khong lusi RBE-FD gidi
phuong trinh dao ham riéng.
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THE EFFECTS OF THE SEPARATION CONDITION PARAMETERS IN THE ADAPTIVE
MESHLESS REFINEMENT ALGORITHM FOR THE RBF-FD METHOD TO SOLVE THE
ELLIPTIC PROBLEMS

Dang Thi Oanh, Ngo Manh Tuong, Trinh Minh Duc

ABSTRACT: Adaptive meshless refinement is the process by which the new centres are generated around the places where the
function has a large oscillation or the geometry domain is complex (having sharp angles). In our previous publications on the
adaptive meshless algorithms, each new centre x is generated if it satisfies the separation condition between it and other centres in
its vicinity. ([Oleg Davydov and Dang Thi Oanh, Adaptive meshless centers and RBF stencils for Poisson equation, Journal of
Computational Physics, 230:287-304, 2011] and [Dang Thi Oanh, Oleg Davydov and Hoang Xuan Phu, Adaptive RBF-FD Method
for Elliptic Problems with Point Singularities in 2D, Applied Mathematics and computation, 313: 474-497,2017]).

In this paper, we focus on the use of the adaptive meshless refinement for the RBF-FD to solve an elliptic problem. We
especially study the effect of the “measure of angle uniformity” u and the number of centres ks near X in the separation condition,
leaving other parameters unchanged. The numerical results show that the solutions are more exact and stable if we choose the
suitable values for these separation parameters.

Tir khéa: RBF-FD, PDE, Dirichlet, Elliptic problem, Approximation.



